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FOREWORD 


The  substantial  contribution  of  fertilizers  in  farm 
production  is  widely  recognized.    The  amount  of  this  con- 
tribution depends  on  the  combination  of  fertilizer  with 
many  other  yield  influencing  factors,.    These  factors  are 
soil  characteristics  (including  the  soil  supply  of  plant 
nutrients),  climate,  and  a  wide  variety  of  management  prac- 
tices .    The  contribution  of  fertilizer  to  added  product 
also  depends  on  the  quantity  used       the  rate  applied  per 
acre.    Generally,  throughout  most  of  the  range  in  response, 
the  contribution  of  each  added  unit  is  smaller  than  the  one 
that  precedes  it*    But  maximum  dollar  returns  from  the  use 
of  fertilizer  occur  when  the  last  unit  added  just  pays  its 
way.. 

The  problem  is  to:  (l)  determine  the  additional 
response  associated  with  additional  rotes  of  application $ 
(2)  relate  crop  response  to  changes  in  prices  and  costs, 
thus  determining  most  profitable  use  of  fertilizers  over  a 
wide  range  in  economic  conditions,,    Procedures  illustrat- 
ing one  method  of  handling  these  problems  when  one  or  more 
independent  variables  are  involved,  are  presented  in  this 
report.    Ways  of  preparing  results  for  popular  presentation 
to  farmers  are  also  illustrated.. 

This  report  is  a  "tool  kit"  which,  together  with  a 
table  of  logarithms,  permits  those  interested  in  the  general 
subject,  but  not  familiar  with  the  mathematical  aspects,  to 
develop  a  thorough  economic  interpretation  of  adequate  re- 
sponse data, 
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Bureau  of  Agricultural  Economics 

INTRODUCTION 

The  chief  aim  of  this  report  is  to  illustrate  procedures  for  develop- 
ing yield  response  curves  and  related  steps  involved  in  determining  profi- 
table use  of  fertilizers.    However,  considerable  interpretive  discussion  is 
included.    This  report  is  technical  and  is  designed  for  use  of  production 
economists  and  agronomists.    Emphasis  is  placed  on  methods  and  procedures, 
including  preparation  of  materials,  that  could  be  used  by  extension  workers 
and  other  agricultural  leaders  in  discussing  economic  aspects  of  use  of  ferti- 
lizer with  farmers.    In  addition,  suggestions  are  made  as  to  experimental 
designs  for  development  of  response  data  that  would  be  particularly  useful 
for  purposes  of  economic  interpretation. 

Profitable  use  of  fertilizers  depends  on  the  physical  response  ob- 
tained and  on  prices  of  crops  and  costs  of  fertilizer.    Crop  response  to 
all  yield-influencing  factors  and  returns  per  dollar  cost  from  each  would 
need  to  be  taken  into  account  in  deciding  upon  the  most  profitable  combina- 
tion of  all  factors .    Results  from  such  a  field  of  study  would  be  particu- 
larly important  to  farmers  who  lack  funds  to  carry  each  input  to  the  point 
of  its  most  profitable  return.    But  such  a  study  requires  a  knowledge  of 
costs  and  returns  from  all  factors  used  in  producing  the  crop.    Or,  looking 
at  the  farm  as  a  whole,  it  involves  knowledge  of  comparative  returns  from 
all  factors  of  production  when  they  are  devoted  to  different  crop  and  live- 
stock enterprises.    Fertilizer  response  curves  are  only  one  of  the  keys  to 
such  information,,    Therefore,  this  report  is  limited  to  the  problem  of  the 
rates  and  combinations  of  applied  plant  nutrients  that  will  give  the  highest 
returns  with  respect  to  fertilizer. 

For  purposes  of  this  report  annual  yield  is  used  as  the  only  measure 
of  crop  response.    Some  fertilizers  have  residual  effects.    Also,  quality 
of  the  crop  may  be  influenced  by  use  of  fertilizer.    When  data  become  avail- 
able for  variables  such  as  these,  economic  interpretation  of  these  aspects 
of  response  to  fertilizers  may  also  be  rendered 0 


1/  Valuable  assistance  in  handling  certain  statistical  problems  encountered 
in  preparing  this  manuscript  was  rendered  by  D.  D.  Mason,  Chief  Bioraetrician, 
Bureau  of  Plant  Industry,  Soils,  and  Agricultural  Engineering,  and  Glenn  L„ 
Burrows,  Statistician  in  the  Office  of  the  Statistical  Assistant,  Bureau  of 
Agricultural  Economics,    The  individual  plot  data  used  in  illustrating  methods 
of  analysis  were  supplied  by  J.  F.  Fudge,  Department  of  Agronomy,  Texas  Agri- 
cultural Experiment  Station,  College  Station,  Tex, 


-  2  - 


Fertilizer  has  been  important  in  increasing  yields  of  crops 
and  total  farm  output.    Increases  in  yields  brought  about  by  use  of 
more  fertilizer  have  meant  higher  returns  not  only  per  acre,  but  also 
per  hour  of  labor .    For  small  farmers  particularly,  wise  use  of  ferti- 
lizers means  a  substantial  increase  in  size  of  business.  Overhead 
costs  per  acre  are  usually  higher  on  small  farms  than  on  large  ones. 
Therefore,  in  order  for  small  farms  to  obtain  the  same  net  return  per 
acre  as  large  farms  they  have  to  obtain  high  yields,    A  knowledge  of 
yield  response  at  different  rates  and  combinations  is  necessary  in 
order  to  decide  upon  the  most  profitable  application  of  fertilizer* 
Widespread  information  of  this  type  would  guide  farmers  in  making 
choices  as  to  expenditures.    In  periods  of  declining  prices,  returns 
from  all  expenditures  are  reduced,  but  it  is  particularly  important 
to  maintain  the  practices  that  contribute  most  to  net  returns. 

Farmers  who  have  followed  good  practices,  including  profitable 
use  of  fertilizers,  know  about  what  yields  represent  the  most  profi- 
table levels  for  their  own  farms,  but  they  may  not  be  aware  of  the 
effect  of  changes  in  prices  and  costs  on  rates  that  should  be  applied 
for  maximum  returns 0    Also,  there  are  often  different  ways  of  reach- 
ing these  yields o    For  example,  different  combinations  of  plant  nutri- 
ents may  result  in  the  same  yield,  but  one  combination  may  cost  less 
per  acre  than  another.    This  aspect  of  the  most  profitable  use  of 
fertilizer  has  general  implications  as  well  as  implications  for  indi- 
vidual farms.    For  example,  if  sulfur,  which  is  used  in  the  manufac- 
ture of  phosphate  fertilizer,  should  cost  more  in  the  future  relative 
to  other  materials  used  in  manufacturing  fertilizers  than  it  has  in 
the  past,  it  might  influence  recommendations  that  should  be  made  as 
to  plant  nutrient  ratios  for  specific  purposes.    If,  for  example,  more 
nitrogen  and  less  phosphate  will  result  in  the  same  yield  of  a  given 
crop,  recommendations  should  reflect  this  fact  if  reserves  of  sulfur 
should  become  relatively  short.    Such  questions  as  this  can  be  answered 
only  by  adequate  information  as  to  yield  response  at  different  rates 
and  combinations  of  plant  nutrients.    Economic  interpretation  can  then 
provide  answers  as  to  the  most  profitable  rates  and  combinations  for 
any  crop  price -fertilizer  cost  relationship.    It  can  also  determine 
the  least-cost  combination  at  which  to  obtain  a  stated  yield. 

Interest  in  fertilizers  and  in  analysis  of  results  from  their 
use  has  increased  in  recent  years  along  with  favorable  farm  prices 
relative  to  costs  of  fertilizer.    As  a  result  of  wider  and  more  in- 
tensive use  of  fertilizer  by  farmers,  experience  has  indicated  that 
its  use  would  be  profitable  at  price-cost  relationships  less  favorable 
than  those  experienced  since  the  midforties.    The  question  of  most 
profitable  use  of  fertilizers  is  therefore  important  to  individual 
farmers  and  to  the  economy  as  a  whole,  whatever  the  future  levels  of 
prices  and  costs. 
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1/  Valuable  assistance  in  handling  certain  statistical  problems  encountered 
in  preparing  this  manuscript  was  rendered  by  D,  D,  Mason,  Chief  Bioraetrician, 
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METHODS  OF  ANALYSIS 


Economic  interpretation  of  crop  response  to  fertilizers  involves 
first  the  problem  of  describing  the  response  curve  from  reported  yields 
at  rates  of  application  included  in  the  experiment,    Obviously  an  exper- 
iment cannot  include  all  possible  rates  and  combinations.    But  as  a 
basis  for  economic  analysis  it  should  include  enough  rates  to  permit 
describing  the  course  of  the  curve  through  most  of  the  range  within  which 
response  occurs 0    If  this  is  done,  different  equations  may  be  used  for 
interpolating  between  rates  applied,  and  some  may  be  safely  used  for 
limited  extrapolation  beyond  the  highest  rate  applied,  subject  to  veri- 
fication by  field  trial,, 

Any  equation  used  in  calculating  yields  at  rates  not  included  in 
the  experiment  is  based  on  some  general  hypothesis.    In  a  later  section 
three  different  equations  are  compared  with  reference  to  results  obtained 
when  applied  to  the  same  experimental  datac    As  experimental  data  cover- 
ing a  wide  range  in  rates  and  combinations  become  available,  it  will  be 
possible  to  determine  which  of  different  yield  equations  best  reflects 
the  response  obtained,    Perhaps  no  single  equation  will  be  found  to  be 
best  for  all  occasions 0 

The  equation  used  here  to  illustrate  the  problem  of  determining 
profitable  use  of  fertilizers  is  based  on  the  general  principle  of 
decreasing  increments.    As  applied  to  fertilizer,  this  principle  states 
that  as  fertilizer  is  added  in  units  of  uniform  size,  with  other  factors 
unchanged,  yields  increase  at  a  decreasing  rate  in  such  a  way  that  each 
increment  in  yield  throughout  the  series  is  a  constant  percentage  of  the 
one  that  precedes  it-.    Except  for  response  to  extremely  small  applica- 
tions and  special  situations  of  little  importance  so  far  as  economic 
analysis  is  concerned,  this  principle  has  a  great  deal  of  evidence  to 
support  it.    It  has  therefore,  gained  considerable  acceptance  with  refer- 
ence to  the  effect  of  a  single  variable,  other  factors  held  constant* 

This  characteristic  pattern  of  yield  response  to  fertilizers  was 
discovered  independently  by  Mitscherlich  2/  in  Germany  and  by  Spillman  3/ 
in  this  country o    The  general  form  of  yield  equations  developed  by  them 
have  certain  similarities,  but  the  two  equations  are  not  precisely  the 
same0    A  major  difference  in  the  thinking  of  these  two  men  is  reflected 
in  the  fact  that  Mitscherlich  holds  the  view  that  the  ratio  of  successive 
increments  in  yield  for  a  stated  size  of  a  unit  of  application  of  a  given 
growth  factor  is  the  same  for  all  crops  and  all  soils,  when  no  other 
yield-limiting  factors  are  present.    Spillman1 s  work  reflects  the  view 
that  this  ratio  of  successive  yield  increments  may  differ  under  different 
circumstances „    In  other  words,  the  constants  of  the  yield  equation  take 
whatever  values  are  dictated  by  the  conditions  under  which  the  responses 

2/  Mitscherlich,  E0  A.  Zum  Gesetz  vom  Minimum c    Sine  antwort  an  TH. 
Pfeiffer  und  seine  mitarbeiterc    Landw,  Vers,  Sta.  77:  ^Ul3j-  1±28,  illus, 
1912. 

3/  Spillman,  W.  J,  Use  of  the  exponential  yield  curve  in  fertilizer 
experiments,  U;  S,  Depte  Agr0  Tecfcu  Bui*  3^8^  67  pp55  illus.  1933* 
Spillman,  W„  Je$  and  Lang2  Ea    The  law  of  diminishing  returns.  178 
pages ,  Yonkers  on  Hudson,  192U, 
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occur.    The  two  views  may  not  necessarily  be  contradictory,  but  the 
Spillman  approach  appears  more  directly  applicable  to  field  condi- 
tions.   Certainly,  this  approach  does  not  require  acceptance  of  the 
Mitscherlich  hypothesis , 

Spillman,  however,  developed  an  adaptation  of  his  equation 
for  use  in  estimating  the  effect  on  yield  of  two  or  more  growth 
factors  varied  simultaneously.    His  equations  for  handling  this  prob- 
lem rest  largely  on  the  work  of  the  German  mathematician  3aule  h/ 
who  was  the  first  to  point  out  that  when  two  or  more  factors  of 
growth  are  varied  at  the  same  time,  the  yield  is  a  function  of  the 
product  of  their  individual  effects ,    Although  it  is  not  the  purpose 
to  analyze  the  various  aspects  of  the  work  of  these  three  men,  this 
statement  is  included  as  a  background  to  procedures  illustrated  here 
in  determining  profitable  use  of  fertilizers,, 

The  Yield  Equation  For  One  Variable 

With  reference  to  a  single  variable,  the  equation  y=  M(l-Rx) 
is  a  form  of  an  exponential  function  in  which  x,  the  variable,  is  an 
exponent  of  R,  the  constant  ratio  of  successive  increments  in  yield. 
In  this  form  of  the  equation  as  applied  to  fertilizer,  x  represents 
the  nutrient  available  to  the  plant,  including  the  soil  content  equiva- 
lent in  effect  to  that  applied.    The  value  of  this  ratio,  R,  is  always 
less  than  1.0  and  it  is  determined  by  the  nature  of  response,  as  shown 
by  the  reported  yields  which  in  turn  reflect  the  conditions  of  the 
experiment.    The  numerical  value  of  R  is  influenced  by  the  size  of 
unit  used  in  making  the  calculations.    The  constant,  M,  is  the  theore- 
tical maximum  yield  that  may  be  obtained  by  adding  fertilizer  under 
conditions  of  the  experiment.    The  calculated  yield,  y,  is  determined 
as  a  percentage  of  this  theoretical  maximum  yield. 

Figure  1  is  a  hypothetical  illustration  of  the  principle  of 
decreasing  increments,  as  expressed  by  the  equation  y  =  M  (l-Rx)« 
Each  increment  in  yield  indicated  in  figure  1  is  75>  percent  of  the 
one  that  precedes  it?  when  calculated  in  terms  of  six  units  of  equal 
size.    In  other  words,  R  -  0.75>o    If 'the  calculations  were  made  using 
three  units  of  fertilizer  of  equal  size,  the  first  increment  would 
be  $s2$0  pounds,  the  second,  2,95>3.125>  pounds,  and  the  third, 
1,661.132185  pounds. 


hf  Eaule,  B.  zu  Mitscherlichs  Gesetz  der  physiologischen 
Beziehungen.    Landw.  Jahrb,  J>1:  /^63/-  385>,  illus,  1918, 
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If  after  such  grouping  and  carrying  all  decimals  as  indicated, 
the  second  increment  is  divided  by  the  first,  and  the  third  is  divided 
by  the  second,  the  value  of  R  becomes  exactly  0,5625 o    The  point  may 
also  be  illustrated  by  noting  that  reducing  the  number  of  units  by  50 
percent  and  doubling  the  size  of  each,  has  the  same  effect  on  R  as 
squaring  its  original  value.    That  is  0.75^  »  0,5625  <>    But,  in  using 
the  equation,  the  calculated  yields  would  be  the  same  whether  R  were 
determined  by  using  six  units  of  x  of  a  given  size  or  three  units  of 
twice  that  size.    This  is  illustrated  by  the  determination  of  M,  the 
theoretical  maximum  yield  that  could  be  obtained  by  adding  fertilizer. 

Before  calculating  M,  it  is  necessary  to  find  the  value  of 
another  constant,  A,  which  is  defined  as  the  theoretical  maximum  in- 
crease in  yield  attainable  through  adding  fertilizer.    This  constant, 
A,  may  be  determined  by  dividing  the  first  increment  in  yield  by  1-R, 
When  the  total  application  is  divided  into  six  units  of  equal  size, 
the  first  increment  in  yield  is  3,000  pounds,  R  =  0.75  and  1-R  =  0.25. 
Therefore  A  =  12,000  pounds.    Also,  when  the  application  is  divided 
into  three  units  each  twice  as  large  as  before,  the  first  increment 
in  yield  is  5,250  pounds,  R  -"  0.5625  and  1-R  =  O,lj:375o    As  before, 
A  =  12,000  pounds.    Therefore  M  is  the  same  in  each -instance  as  M  =  A, 
plus  the  yield  at  the  first  reading,  which  in  this  case  is  at  the 
point  of  no  application.    As  the  yield  at  no  application  is  3,000 
pounds,  M  is  15,000  pounds 0 

A  great  saving  in  subsequent  calculations  is  accomplished  through 
determination  of  the  size  of  unit  required  to  render  R  a  specified  value. 
This  saving  is  made  possible  through  use  of  a  table  of  1-RX  values  in 
terms  of  some  stated  value  of  R.    As  pointed  out  :later,  the  value 
R  s  0,8  is  used.    Any  other  value  could  have  been  used.  Calculation 
of  the  size  of  unit  required  to  render  R  a  specified  value  is  solely 
for  convenience  and  is  not  inconsistent  with  the  fact  that  for  any  given 
size  of  unit  R  may  have  a  different  value  for-  each  experiment  studied. 

The  Yield  Equation  For  Two  Or  More  Variables 

As  has  been  stated,  the  general  concept  of  a  constant  rate  of 
decreasing  increments  has  gained  considerable  acceptance  with  reference 
to  a  single  variable.    The  fitness  of  the  multivariable  form  of  the  equa- 
tion as  developed  by  Spillman  has  not  been  thoroughly  demonstrated.  To 
do  so  requires  its  application  to  different  sets  ,of  experimental  data 
showing  response  to  each  nutrient  in  turn  at  different  levels  of  the 
others c    Such  experiments  need  to  include  a  number  of  rates  encompassing 
at  least  the  major  part  of  the  range  in  response.    Whether  interaction  - 
the  increase  in  yield  obtained  when  two  or  more  nutrients  are  added 
simultaneously,  minus  the  sum  of  the  increases  obtained  when  each  is 
added  separately  -  is  adequately  reflected  by  the  multivariable  form  of 
the  exponential  yield  equation,  has  not  been  conclusively  determined. 
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Some  present-day  factorial  experiments  afford  a  limited  basis  for  such 
testing  of  the  equation,  but  they  do  not  include  enough  rates  and  com- 
binations to  render  the  tests  conclusive,,    The  experiment  used  later  to 
illustrate  methods  of  determining  profitable  use  of  fertilizer  is  a 
Ux3x3  factorial,  and  calculated  yields  are  compared  with  reported 
yields  as  an  indication  of  the  adequacy  of  the  equation  as  applied  to 
this  experiment.    Also,  a  later  section  compares  interactions  developed 
from  calculated  yields  with  those  read  directly  from  reported  yields,, 
It  appears  that  as  the  one-variable  form  of  the  equation  reflects  a 
constant  ratio  between  successive  increments  in  yield,  the  multivariable 
form  reflects  the  hypothesis  of  a  constant  rate  of  interaction.    If  an 
accumulation  of  evidence  as  to  interactions  indicates  that  such  a 
generalization  is  appropriate  for  a  considerable  range  in  rates  and 
combinations,  the  multivariable  form  of  the  yield  equation  as  developed 
by  Spillman  may  have  a  substantial  area  of  application. 

When  x  represents  a  unit  of  application  of  N,  of  P2O5  and  of  K^O 
in  a  three -variable  fertilizer  rate  experiment,  the  yield  equation 
takes  the  form  of  y  "  M3  (l=.RN)  (1~rP) (l-R^) 0    For  convenience  in  ex- 
pression^  P  and  K  will  be  used  hereafter  when  referring  to  PgO<  and  KgO, 
When  three  variables  are  involved,  the  constant  that  denotes  the  theo- 
retical maximum  yield  is  referred  to  as  Mo«    Details  of  calculating  M3 
are  left  to  a  later  section,  but  this  value  is  determined  by  dividing 
the  calculated  yield  at  any  point,  on  any  one  of  the  individual  nutrient 
curves,  by  the  product  of  the  three  1-RX  values  where  x  in  each  case 
represents  the  quantity  of  the  nutrient  which,  in  conjunction  with 
stated  quantities  of  the  others s  results  in  the  calculated  yield.  The 
curve  of  response  to  each  nutrient  is  calculated  with  quantities  of 
the  other  nutrients  held  constant,,    The  yield  equation  is  reversible. 
Thus,  M3  s  y/  ^(l-RN)(l-RP)(lmRKj7o 

DATA  USED  IN  ILLUSTRATING  METHODS 

As  an  illustration,  the  yield  equation  described  and  related 
procedures  are  applied  to  a  Ipc3x3  factorial  experiment  conducted  in 
195>0  on  pasture  plots  at  Kirbyville,  Tex,    Yields  were  reported  at 
no  application  of  each  nutrient  and  for  three  rates  of  N,  two  of  P, 
and  two  of  K„    Each  of  the  36  treatment  combinations  was  replicated 
four  times,  making  a  total  of  Ihh  plots ,    Analysis  of  variance  con- 
ducted in  terms  of  the  logarithms  of  the  yields  is  presented  in  a  later 
section.    All  of  the  main  effects  were  highly  significant,  but  the 
main  effect  of  N  was  most  significant.    The  standard  error  of  the 
yields  reported  for  all  replicated  plots  was  I18O  pounds  of  dry  forage 
per  acre,  or  about  10  percent  of  the  average  yield  for  all  the  plots. 

The  means  of  the  reported  yields  for  all  replicated  plots  are 
shown  later  in  comparison  with  the  calculated  yields.    But  table  1 
shows  the  means  of  the  reported  yields  for  replicated  plots  for  each 
nutrient  varied  in  the  presence  of  stated  levels  of  the  other  2 
nutrients.    Yields  for  all  36  treatment  combinations  are  calculated 
from  constants  derived  from  the  8  combinations  shown  in  table  !„ 
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'able  1,—  Reported  yield  per  acre  of  dry  forage  and  standard  error  of 
the  mean  at  stated  treatment  combinations 


Plant  nutrients  applied 


Pounds 


0 

60 
120 
180 


60 
60 
(60) 


(60) 
60 
60 


Pound  i 


2a0 
2h0 
2k0 
2U0 


0 

120 

C2U0) 


T2H0) 
2h0 
2h0 


Pounds 


0 
0 
0 
0 


Mean  yield 
of  h  repli- 
cated plots 

it 


Standard 
error 


Pounds 

2,339 
ii,070 
5,688 
6,971 


Pounds 

196 
16? 

U01 

132 


0 
0 

(P) 


(0) 

60 
120 


2,860 
3,963 
(U,070) 


(U,0707 
U-,561 
U,87U 


2hh 

3U8 
(167) 


T167T 
235 
151 


1/  For  convenience  in  expression  the  letters  P  and  K  are  in  all 
Instances  used  to  denote  ?20^  and  KgO,  respectively. 
2/  Total  of  6  clippings  during  the  year. 

Pasture  experiment,  Kirbyville,  Tex.  -  Texas  Agr.  Expt.  Sta,-1950. 


Any  set  of  8  treatment  combinations  similar  to  those  in  table  1 
could  be  used  to  develop  constants  of  the  yield  equations  for  the  pur- 
pose of  calculating  yields  at  any  combination,    Txro  other  sets  of 
combinations  were  used  with  similar  end  results.    The  relative  reli- 
ability of  the  yields,  as  determined  by  the  standard  errors  of  the  means, 
is  an  appropriate  guide  in  the  choice  of  combinations  to  use  in  finding 
constants  from  which  to  calculate  yields  at  all  combinations.    All  of 
the  different  rates  of  application  of  each  nutrient  used  in  the  experi- 
ment are  indicated  in  table  1.    But  each  nutrient  was  varied  in  the 
oreser.ee  of  every  combination  of  the  other  two  included  in  the  experi- 
ment. 


DEVELOPING  THE  RESPONSE  CURVES 

A  response  curve  is  developed  for  each  nutrient  at  stated  levels 
of  the  others  as  indicated,  in  table  1,    The  problem  is  to  develop  a 
smooth  curve,  on  which  any  point  will  represent  the  most  probable  yield 
for  the  indicated  rate  of  application.    For  any  given  yield  function 
employed  only  one  curve  truly  represents  the  most  probable  yields.  Such 
a  curve  is  developed  by  the  method  of  least  squares.    However,  when 
only  a  few  rates  are  included,  the  constants  (R,  M,  and  A  described 
earlier,  and  others)  may  be  developed  by  simpler  methods  that  give  re- 
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suits  equivalent  for  practical  purposes.    When  only  3  rates  are  in- 
volved, a  carefully  done  graphic  approximation  necessarily  gives 
precisely  the  same  results  as  does  the  method  of  least  squares. 
Graphic  methods  are  used  here  to  find  the  constants  of  the  equation 
lor  the  N  curve.    Later  the  constants  are  compared  with  those  obtained 
by  the  method  of  least  squares. 

Before  illustrating  the  graphic  method  of  determining  constants 
of  the  equation  and  calculating  yields  from  them,  it  is  desirable  to 
identify  and  define  all  terms  and  symbols  used  in  subsequent  calcula- 
tions. 

Definition  of  Terms  and  Symbols 

The  Yield  Equation 

y  =  M  (  (fx)  )  ;  or  in  terms  here  illustrated  y  s  M  (l-Rx). 
y  =  the  calculated  yield* 

M  =  the  theoretical  maximum  yield  attainable  from  adding  units  of 

x,  other  yield-influencing  factors  constant, 
R  =  the  ratio  between  successive  increments  in  yield  -  a  constant 

less  than  l,0f 

x  =  the  input  variable,  addition  of  a  series  of  units  of  which  results 
in  the  function  represented  by  Rx.    As  used  in  the  equation  x 
consists  of  two  parts  (see  below)* 
Rx=  the  value  of  R  raised  to  the  power  indicated  by  x„ 
1-RX  =  the  difference  between  1.0  and  the  x  power  of  R  (Rx)  at  any 

stated  level  of  the  input.    At  zero  x,  Rx  is  always  1,0.  Thus, 
if  R  as  defined  above  is  0.8,  when  x  »  1  unit  Rx  =  0.8  and  1-RX=0.2» 
But,  when  x  =  2  units  Rx  or  R2  s  0 .61+  and  1-RX  -  0.36e    As  x  in- 
creases Rx  diminishes  and  1-RX  more  nearly  approaches  but  never 
reaches  1,0.    Thus,  as  the  quantity  of  fertilizer  (x)  is  increased, 
the  calculated  yield,  M(l-Rx)  approaches,  but  never  reaches  M« 

Other  Constants  Used  in  Developing  the  Yield  Curve 

i  s  the  increment  in  yield  associated  with  the  first  unit  of  x, 

±2  -  the  second  increment,  etc. 
A  z  the  theoretical  maximum  increase  that  may  be  obtained  from  adding 

units  of  x,  other  yield-influencing  factors  constant. 

Calculation:  A  =i/(l-R^  or  i2  /  /"(l-R)  -  (l-R)2_7,  etc. 

Y  s  the  reported  yield,  e.g,,  YQ  -  reported  yield  at  no  application, 

n,  p,  and  k  s  calculated  quantities  of  soil  N,  P,  and  K  equivalent  in 
effect  to  same  quantities  added  at  any  points  on  the 
curves*    As  calculated,  these  quantities  are  expressed 
in  terms  of  units  of  the  size  required  to  render 
R  ~  0.8.    (See  definition  of  u  below.) 

Calculation:    (log  M  -  log  A)  /  log  0*8. 
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The  logarithm  of  a  decimal  fraction  is  a  negative  number, 
but  the  sign  is  to  be  disregarded  as  the  point  of  origin 
is  arbitrarily  placed.    Log  0.8  =  -  0.09691. 

a,  b,  and  c  =  the  applied  portions  of  N,  P,  and  K,  respectively;  as 
used  in  the  equation  they  are  expressed  in  terms  of 
units. 

Thus,  x  for  each  nutrient  is  composed  of  two  parts: 

N  becomes  n  /  a  (soil  N  and  applied  N) 
P  becomes  p  /  b  (soil  P  and  applied  P) 
K  becomes  k  />  c  (soil  K  and  applied  K) 

u  Z  the  size  of  a  unit  of  x  required  to  render  R  a  specified  value. 
From  this  point  on,  the  term  "unit"  refers  specifically  to  such 
a  quantity*    In  these  illustrations  the  calculations  are  performed 
after  expressing  x  in  terms  of  units  of  the  size  required  to 
render  R  2  0,8 ,    This  conversion  to  a  size  of  unit  such  that  R 
•will  equal  0,8  greatly  simplified  the  computations.    Otherwise  it 
is  of  no  significance.    Conversion  to  a  size  required  to  render  R 
any  specified  value  would  give  equivalent  results. 

Calculation:  u  a  log  0,8  /  log  R,  times  the  number  of 
pounds  per  unit  used  in  determining  the 
value  of  R. 

Thus,  pounds  applied  (a,  b,  or  c)  divided  by  the  determined 
respective  values  of  u  =  units  of  a,  b,  or  c.    These  added 
to  the  values  of  n,  p,  or  k  result  in  unit  values  of  n  /  a, 
p  /  b  or  k  /  c,    These  values  are  then  located  in  table  15> 
and  their  corresponding  1»RX  values  are  read  from  that  table. 

The  Yield  Equation  and       -  Three  Variables 

The  equation  for  three  variables:  y  =  M^(l«Rn^a  )(l-RP/b)(l-Rk^c) 

M3  2  the  theoretical  maximum  yield  for  3  variables  under  stated 
conditions • 


Calculation  :M32y/Tl-Rn/a)  (i„rPA)  (i.Rk"cj7 
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Constants  for  Determining  the  Most  Profitable  Rate  or  Combination 

r',  r",  and  r,M  -  cost  of  one  unit  of  a,  b,  and  c,  respectively. 

Calculation:  u  times  costs  per  pound  of  the  nutrients, 
including  cost  of  application* 

T  is  a  fraction  used  in  the  course  of  computing  the  most  prof- 
itable combination  of  a,  b,  and  c  at  the  costs  per  unit  (r* ,  r",  and  r!") 
of  the  nutrients.    Its  form  depends  on  the  number  of  variables* 

Q  is  a  fraction  ,  l/v  M  (AnR),  in  which  v  is  the  value  of  a  unit 
of  the  crop  before  harvest,  and  In  R  is  the  natural  logarithm  of  R,  or 
of  0.8,  as  used  here.    Thus,  (-In  0,8)  has  a  value  of  0,223lh35'21u, 
used  in  all  computations  of  Q.e 

When  the  most  profitable  combination  of  nutrients  associated 
vith  a  specified  value  of  v  is  to  be  reached,  that  value  of  T  must 
be  found  which  is  equal  to  Q*    Q  can  be  calculated  as  soon  as  M  has 
been  determined,    The  work  of  finding  the  value  of  T  associated  Kith 
any  specified  value  of  Q,  so  that  T  -  Q  =  0,  is  demonstrated  later 
as  a  series  of  clerical  steps. 


Finding  Constants  by  Graphic  Approximation 

Referring  to  table  1,  the  combination  60-2li0-0  occurs  in  each 
of  the  nutrient  series*    Reported  yields  at  each  level  may  be  plotted 
on  graph  paper,  although  when  reported  3>±elds  are  available  for  only 
three  rates  at  equal  intervals,  plotting  may  be  omitted  as  the  curve 
necessaril:/  passes  through  all  three  points. 

!'?hen  yields  are  reported  at  h  or  more  rates  as  for  N  in  this 
experiment,  the  yields  are  plotted  and  a  smooth  curve  is  drarm  freehand 
to  fit  as  closely  as  possible,-    The  method  involves  readings  at  three 
points,  one  of  which  is  midway  on  the  horizontal  scale  between  the 
other  two.    In  this  instance  the  range  used  in  the  calculations  is  repre- 
sented by  the  yields  at  0  and  180  pounds  of  N«    It  is  not  necessary  that 
the  freehand  curve,  which  is  an  estimate  of  a  least-squares  solution* 
pass  through  points  represented  by  any  of  the  reported  yields.    In  this 
instance  however,  reported  yields  at  the  two  rates  just  mentioned  were 
thought  to  be  satisfactory  approximations  of  the  location  of  the  curve 
of  least  squares  at  those  rates*    The  midpoint  is  read  from  the  freehand 
curve  where  it  crosses  the  ordinate  that  represents  an  estimated  yield 
of  h,8h8  pounds  at  an  application  of  90  pounds  (fig*  2)« 
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Constants  for  the  Nitrogen  (N)  Curve 

The  work  of  finding  constants  of  the  equation  and  calculating 
yields  on  the  N  curve  is  outlined  in  the  steps  indicated  below. 
Reference  to  the  list  of  definitions  of  terras  and  symbols  may  be 
-helpful. 


1,  x   Y  i  R  1-R 

a  a 

Graphic 

Pounds        units  Pounds  Pounds       (i2  /  i) 


0  0  2,339 

(90)  1  (U,8U8)  2,509 

180  2  6,971  2,123       0.8>;6l5  0,15385 


2.    A  =  i/C-R) =    2,509/0.15385  -  16, 308  pounds  - 

3*    M  =  A  /  Y0  sl6,308  /  2,339  =  18,6U7  pounds  =  9,3235  tons, 

U.    Log  R  =  log  0T8U6l5  =  9.927U*  -10  s  -0,07256 

5,  u  s  log  0.8/log  R  =  -0.09691/-0, 07256    z  1,336  90-pound  units 

-  120, 2lj.  pounds 

6,  n  a  ..log  M  -  log  A)/  log  0,8 

=  (iu2706l  -  E. 212ii0)/-0, 09691  =  0.6007  units 

?.    Calculating  yields  on  the  N  curve,, 


X 

l-Rn/a 

y 

Pounds 

a 

Units 

n 

Units 

n  /  a 
Units 

7 

Founds  2/ 

Y 

Pounds 

0 
60 
120 
180 

0.  0000 
M990 
,9980 

1.  U970 

0.6007 
,6007 
,6007 
,6007 

0,6007 
1.0997 
1,5987 
2,0977 

0.125Uh6 
.217601 
,3000^6 
.373802 

2,339 
ii,058 

S^9$ 
6,970 

2,339 
!i,o?o 
5,688 
6,971 

1/  From  table  15.    Values  interpolated  for  fractional  units  not 
shown , 

2/  y  =  M  (1-Rn/a)  z  18,61*7  (l-Rn/a). 

Constants  for  the  Phosphoric  Oxide  (P)  Curve 

Items  in  the  calculation  are  similar  to  those  just  presented. 
Reported  yields  are  taken  from  table  1,    As  yields  are  reported  for 
'only  3  rates  having  equal  intervals,  graphing  is  unnecessary. 
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DETERMINING  CONSTANTS  FOR 
THE  NITROGEN  CURVE 


2,000  [___^J_^_^J^_^^^ 

0  60  120  180 

LBS.  OF  N  APPLIED  PER  ACRE 

DATA  FROM  PASTURE  EXPERIMENT  AT  KIRBYVILLE,  TEXAS,  TEXAS  AGR/C.  EXP.  STATION. -J950 
U.  S.  DEPARTMENT  OF  AGRICULTURE  NEG.  49213  - VX      3UREAU  OF  AGRICULTURAL  ECONOMICS 


Figure  2 


-  lit  - 


— E  — 

Pounds       Graphic       Pounds       Pounds    (±2  /i) 

units 


R  1-R 


0  0  2,860 

120  1  3,963  1,103 

2U0  2  hs070  107     0,09701  0.90299 

2,  A  =  i/(!--R)  -  1,103/* 902 99  =  1,221  pounds, 

3,  M  =  A  /  Y"Q  s  1,221  /  2,860  =  ii,08l  pounds  =  2,0l>05  tens 
lu    Log  R  =  log  0.09701  "  8,98682  -10  =  =1.01318 

5,  u  =  log  0,8  /  log  R  =  -0*09691  /  -1,01318 

=    0o09$6U9    120-pound  units 
-  11.U8  pounds 

6,  p  =  (log  M  -  log  A)/log  0.8 

s  (3-61099  -3,08672 )/-.09691  "  5.U076  units 
7»    Calculating  yields  on  the  P  curve 


b  b  p  p  /  b  y  Y 

Pounds       Units       Units        Units     l-RPr*3  Pounds  P;ounds 

0       0»0000     $*h0l6       5*U076     0,700809  2,860  2,860 

120     1QMU9     5.U076  .91091$  3,963  3,973 

2lt0     20.9097     5.U076     26.3173       ,997187  Ii,070  14,070 

1/  7  =  M  (i_Rp/b)  -  U,0S1  (l-RP/^).  * 

Constants  for  the  Potash  (K)  Curve 

Items  in  the  calculation  similar  to  those  for  the  N  and  P 
curves  are: 

1.  x  Y  i  R  1-R 


c  c 

Pounds       Graphic  Pounds         Pounds      (±2  /  i) 
units 


0  0  U,070 

60  1       h,56l  h9l 

120  2        h,Qlk  313  Oe637h7  0*36253 

2,  A  -  i/CL-R)=  h9l/,36253  -  1,3$U  pounds, 

3.  M  =  A  /  Y0  -  1,35U  /  U,070  =  5zh2h  pounds  =  2,7120  tons. 
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h.    Log  R  z,  log  0o637ii7  =  9 » 80UU6  -10  =  -Q.1955U. 

5,  u  =  loga8  /  log  R  =-Qs0969l/-ai955U  -  0,ii956    60-pound  unit: 

6.  k  s  (log  M  -  log  A)  /  log  ,8  " 


=  (3.73U32  =  3.13162)  /-0. 09691  -  6,2192  units 

l-RkA 


Calculating  yields  on  the  K  curve 
x 


c 

Pounds 

0 
60 
120 


c 

Units 

0o0000 
2*0178 
h.0355 


k 

Units 


TT7~c 

Units 


6o2192  6.2192 
6,2192  8*2370 
6,2192  10.2517 


0*750366 
e8h0802 
,898558 


7  1/ 

Y 

Pounds 

Pounds 

U,070 

U,56l 

U  ,561 

U,87U 

1/  y  =  M  (l-Rk/°)  =  S3h2h  (l-Rk^c) 


THE  THEORETICAL  MAXIMUM  YIELD  -  MORE  THAN  ONE  VARIABLE 


Determination  of  the  theoretical  maximum  yield  obtainable 
from  adding  a  single  variable  with  the  others  held  constant  has  been 
illustrated.    The  theoretical  maximum  yield  takes  a  different  value 
when  two  or  more  nutrients  are  allowed  to  vary  simultaneously*  Such 
a  maximum  yield  reflects  the  calculated  effect  of  the  physical 
optimum  combination  of  the  nutrients  under  conditions  of  the  experi- 
ment . 


When  the  theoretical  maximum  yield  for  one  or  more  variables 
is  calculated  from  constants  that  have  necessarily  been  developed 
from  reported  yields  covering  only  a  portion  of  the  range  within 
which  response  would  occur,  it  may  reflect  a  quantity  of  output  that 
departs  substantially  from  the  practical  maximum  yield,    In  the  ex- 
periment studied  here,  rates  of  N  applied  were  such  that  the  response 
curve  calculated  from  the  four  reported  yields  is  extremely  steep 
(fig.  2),    If  rates  up  to  perhaps  500  or  more  pounds  of  N  had  been 
applied,  all  of  the  constants  might  have  been  changed  and  the  theo- 
retical maximum  yield  attainable  from  adding  N  in  the  presence  of 
2^0  pounds  of  P  and  0  pounds  of  K  might  have  been  substantially  dif- 
ferent from  the  9«3  tons  calculated  earlier.    But  this  would  not  have 
affected  materially  the  calculated  yields  if  the  curve  is  appropriate 
throughout  the  new  range  of  application*    Changes  in  the  constants 
R,  Ma  A s  and  i  would  have  been  accompanied  by  compensating  changes  in 
the  size  of  a  unit  of  application  associated  with  these  constants® 
This  means  that  the  constants  developed  from  yields  reported  at  the  four 
rates  applied  are  appropriate  for  calculating  yields  as  long  as  addi- 
tional fertilizer  results  in  additional  response,    The  yield  equation 
does  not  apply  beyond  the  range  within  which  response  occurs  e  Only 
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experimental  rates  carried  to  or  near  this  point  can  fix  the  range 
within  xtfhich  any  yield  equation  is  valid ,    Economic  interpretation 
is  not  concerned  beyond  such  a  point*  but  it  is  concerned  with  the 
location  of  that  point,    From  the  evidence  provided  in  the  Texas 
Pasture  experiment  there  is  no  way  of  knowing  the  extent  to  which 
extrapolations  on  the  N  curve  represent  yields  that  would  have  been 
obtained  if  higher  rates  of  N  had  been  applied*    With  the  exponen- 
tial yield  equation  some  extrapolation  is  probably  valid  as  is 
interpolation  between  rates 5  but  unless  rates  are  added  until  the 
curve  becomes  nearly  flat^  there  is  always  the  question  as  to  the 
extent  of  additional  response  for  the  conditions  of  the  experiment,, 

Finding  M3  -  Three  Variables 


It  is  now  possible  by  substituting  the  unit  values  of  n  /  a3 
p  f  b,  and  k  /  c  in  the  yield  equation  for  three  variables  }  to  find 
a  value  of  IU  for  each  of  the  eight  treatment  combinations  used  in 
finding  constants  of  the  equation  for  each  nutrient.    Thus,,  in  the 
case  of  combination  a  -  05  b  -  2h03  and  c  -  03  the  yield  equation 
becomes; 

y  :  M3  (I-rO.600?)  (i_r26,3173)  (1-r6,2152) 
-M3  (0.125UU6) '(0*997187)  (0.750366) 

=  M3  (0 ,,093866) 

In  calculating  M3  for  this  combination^  the  process  is  reversed. 
For  example s  the  calculated  yield  for  this  combination  as  determined 
in  computing  the  constants  for  the  N  curve  is  2^339  pounds s    The  equa- 
tion then  becomes :- 

M3  -  y/0, 093866 

3  2,339/0,093866 

Z  2k s 919  pounds 

Table  2  shows  the  calculations  for  M3  from  each  of  the  treat- 
ment combinations  used  in  finding  constants  of  the  equation  y  =  K(l-Rx) 
as  applied  to  the  response  shown  for  each  nutrient  at  stated  levels 
of  the  other  two  nutrients a    The  combination  common  to  all  three  curves 
is  60  -  2I4.O    -  0^  with  a  reported  yield  of  14,070  pounds »    The  calcu- 
lated yield  for  this  combination  on  the  N  curve  5  however s  is  1^,058 
pounds*    As  there  are  only  three  experimental  readings  on  each  of  the 
other  two  curves 5  and  the  intermediate  one  is  the  mid-point,  the 
graphic  approximation  curve  passes  through  all  reported  observations , 
The  slight  discrepancy  of  12  pounds  between  the  reported  yield  at 
this  combination ,  and  the  yield  calculated  at  this  point  on  the  N 
curve  may  be  considered  negligible. 
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Slight  differences  in  the  values  of  M3  calculated  from  respon- 
ses on  any  one  of  the  three  separate  curves  are  caused  by  omission 
of  decimals  in  the  preceding  computations  „    As  the  N  curve  has  i;  ob- 
served points ,  a  curve  of  best  fit  need  not  necessarily  pass  through 
any  of  thenu    In  the  graphic  approximation  method,,  the  estimated 
curve  was  made  to  pass  through  the  yields  reported  at  0  and  180 
pounds  of  N,  and  the  yield  at  the  mid=point  (90  pounds)  was  read 
from  the  freehand    curve  as  hj8h8  pounds 0    Using  the  resulting  con= 
stants  in  the  equation,  h,05>8  rather  than.  U5O7O  pounds    is  calcu- 
lated at  the  60  »  2h0  «=  0  combination  on  the  N  curve  a 

In  table  2S  one  of  the  factors  (l-Rx)  used  in  obtaining  each 
separate  calculated  value  of  My  has  been  derived  from  the  responses 
to  application  of  increasing  quantities  of  a  single  nutrient  with 
the  other  two  held  constant,,    But,  except  for  considerations  indica- 
ted above,  the  values  of       would  be  identical  regardless  of  the 
curve  from  which  they  are  calculated «    The  value  of  Mo  differs  sub- 
stantially from  the  value  of  M  based  on  each  curve  regarded  separately. 

The  definition  of  M  should  be  kept  in  mind—it  is  a  theore- 
tical coiistant  used  in  calculating  the  yield,  and  its  size  need  not 
necessarily  resemble  the  maximum  yield  that  actually  could  be 
obtained c    Where  the  experiment  includes  rates  associated  with  near 
maximum  yield  for  the  conditions $  the  calculated  value  of  M  would 
be  expected  to  approximate  more  closely  the  attainable  yield.,  For 
N,  the  constants  were  necessarily  developed  from  readings  that  all 
lie  on  a  very  steep  segment  of  the  curve 0 

Finding  M2  =  Two  Variables 


Table  2  provides  the  necessary  data  to  illustrate  the  calcula- 
tion of  M2,  the  theoretical  maximum  yield  when  two  variables  are  in- 
volved.   For  purposes  of  illustration  here,  k  /  c  may  be  left  out  of 
the  calculations o    It  happens  that  in  table  2,  c  was  held  at  zero 
in  calculating       from  the  N  and  the  P  series*    It  is  a  simple  matter 
therefore  to  calculate  li?  using  values  for  l-Rn/a3  l~RPrt>    and  y  as 
they  appear  in  table  2.    In  table  3  the  products  of  (l-Rnra) (l-RP/b) 
are  shown  for  the  different  combinations  of  these  nutrients .  These 
products  serve  as  divisors  in  calculating  Mp  from  the  yields  appear- 
ing on  the  two  response  curves 0 

COMPARING  REPORTED  AND  CALCULATED  YIELDS 

This  step  is  taken  to  check  the  calculated  yields  for  all  36 
combinations 9    Only  8  of  these  combinations  were  used  in  developing 
constants  by  means  of  which  all  yields  are  calculated^    In  order  to 
reduce  the  size  of  the  figures  used  in  calculating  the  standard 
error  of  estimate 9  the  difference  between  y  and  Y  for  each  of  the 
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Table  3.-  Determining  the  value  of  M2  for  the  treatment  combinations 
used  in  finding  constants  of  the  yield  equation  for  the 
N  and  P  curves  when  no  K  is  applied 


N  applied ,  in 
presence  of 
?k0  pounds 
applied  Ft 


Pounds 


(l-R«/a) 
(l-RP^b) 


Yield  at 
Rn/a 


bounds 


M0 


Pounds 


0 

60 
120 
180 


0,125093 
,216939 
,29920? 
.372750 


2,339 

5,595 
6,970 


16,69 8 
16,701 
18,700 

18,699 


P  applied,  in. 
presence  of 
60  pounds 
applied  N: 


Yield  at 


0 

120 
2h0 


«1521i97 
0 211 285 

* 216989 


2,860 
3,963 
Ii,070 


18,75U 
18,757 
18,757 


Average  of  Mo  for  6  different  combinations 


16,727 


Pasture  experiment,  Kirbyville,  Tex,,  -  1950. 


36  combinations  (table  k)  was  converted  to  tons*    The  sum  of  the 
.=  quared  deviations  is  1,3653  tons.    The  standard  error  of  estimate 
It  IT^&WVS  Z  V07CW5  =  £0.22081  tens  cr  kh2  pounds*  The 
aenominater  used  is  28  as  8  degrees  of  freedon  were  used  in  find- 
ing the  constants,  but  the  squared  deviations  for  all  36  combina- 
tions are  included  in  the  numerator*    The  standard  error  of  the 
reported  yields  for  all  replicates  (ihh  plots)  in  the  experiment 
is  approximately  J4.8O  pounds,  or  about  10  percent  of  the  average 
yield  of  all  plots.    The  fact  that  the  standard  error  of  estimate 
of  Uh2  pounds  for  the  calculated  yields  is  less  than  the  standard 
error  of  the  reported  yields  is  somewhat  indicative  of  the  appli- 
cability of  the  exponential  yield  equation  for  the  purpose  of  esti- 
mating yields  based  on  the  data  of  this  experiment. 
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THE  MOST  PROFITABLE  RATE  OF  APPLICATION  -  ONE  VARIABLE 

In  many  instances  the  problem  of  economic  interpretation  in- 
volves only  one  variable 0    Often  the  reason  for  this  is  that 
response  data  are  available  for  only  one  variable.    The  practical 
problem,  of  course,  is  nearly  always  one  of  finding  the  most  profi- 
table combination  of  several  variables „ 

The  list  of  definitions  presented  earlier  explains  the  terms 
used  in  the  calculations.    The  values  used  for,  purposes  of  illus- 
tration are  v  s  $  21  per  ton  and  the  costs  of  N,  ?s  and  K  in  that 
order  are  $  0,195,  $0,096  and  $  0,079  per  pound.    The  monetary 
value  of  u,  the  quantity  of  a  nutrient  required  to  render  R  -  0,8, 
is  expressed  as  r'  for  N,  r"  for  P  and  rm   for  K0    Consulting  the 
number  of  pounds  represented  by  u  as  shown  in  the  calculations  for 
each  of  the  separate  curves^  the  value  of  r'  is  found  to  be  $>23oilf?j 
r"  $1,105  and  rm  $2, 35*  at  the  costs  per  pound  indicated  above , 

Substituting  in  the  equation  Q  §  l/v(M)  (=»In  0C8)  and  ex- 
pressing M  in  tons  rather  than  pounds t 

(a)  For  the  N  curve  Q  =    1/21  (9o3235) (09223lii3521h) 

=  Oo02289 

(b)  For  the  P  curve  Q  =    1/21  (2,Ok05)  (0.22311i352lli) 

a  0.10U58 

(c)  For  the  K  curve  Q  3    1/21  (2.7120) (0.2231U3521U) 

s  Oo07869 

Based  on  constants  previously  determined 9  table  $  shows  a 
method  of  calculating  the  most  profitable  rate  of  each  of  the 
three  nutrients  in  the  presence  of  stated  levels  of  the  other  two0 
It  also  shows  the  yield  at  the  most  profitable  rates  gross  returns 
per  acre,  and  returns  above  the  cost  of  fertilizer  applied 0 

./Qr'  ,  Qr"  and  Qrm   are  equivalent  in  value  to  Rn^a,  RPA, 
and  R  ■    ,  respectively 5  at  the  points  that  represent  the  most 
profitable  levels  on  these  curves ,    Subtracting  each  of  these 
values  from  1  results  in  the  appropriate  1=RX  value.    This  value 
is  found  in  table  15  and  the  corresponding  unit  value  is  re- 
corded as  n/a,  p/bs  or  k/c»    The  values  for  n,  p.  and  k  are  deduc- 
ted to  obtain  the  most  profitable  rates  of  application  in  terms  of 
units*    The  unit  values  for  a,  b,  and  c  are  each  multiplied  by  the 
appropriate  value  of  u  in  pounds  as  determined  in  developing  each 
nutrient  curve.    The  result  is  the  calculated  most  profitable  rate 
in  pounds. 

The  three  most  profitable  rates  as  calculated  above  do  not 
represent  the  most  profitable  combination.    They  are  the  most  s 


-  .23  - 


profitable  individual  rates  when  the  quantities  of  the  other  two 
nutrients  are  held  constant  at  the  indicated  levels „    For  example, 
263  pounds  is  the  most  profitable  rate  of  N  only  when  2h0  pounds 
of  P  are  applied  and  when  no  potash  is  applied 0    But  when  the  cost 
of  the  nutrient  not  varied  is  taken  into  account  in  each  of  the 
three  columns  of  table  5,  item  16  shows  that  combination  60  N, 
h9  P,  and  0  K  (second  column)  is  more  profitable  than  either  of 
the  other  two  shown,, 

Only  the  response  to  N  at  these  levels  of  P  and  K5  the  value 
of  the  crop  and  the  cost  of  Ns  are  taken  into  account  in  determin- 
ing the  most  profitable  rate  of  N  at  the  specified  levels  of  the 
other  nutrients ,    The  cost  of  the  applied  nutrient (s)  not  varied  is 
not  a  part  of  this  determination*, 

Results  of  a  fertilizer  rate  experiment  that  has  only  one 
variable j  can  quickly  be  put  in  a  form  that  will  permit  extension 
workers  and  farmers  to  determine  the  most  profitable  rate  of  appli~ 
cation  for  any  crop  price-fertilizer  cost  relationships  that  may 
occur,  5/    This  is  done  by  calculating  the  yields  for  each  of  a 
series  of  small  units  of  applications  such  as  10  pounds.    The  dif= 
ference  between  any  two  successive  calculated  yields  is  the  incre- 
ment' in  yield  at  that  point e    Table  6  shows  such  increments  in 
yields  for  each  of  a  series  of  10-pound  units  of  N  applied  when 
applications  of  P  and  K  are  held  constant  at  2I4O  and  0  pounds s  re- 
spectively.   If  the  value  of  the  crop  per  ton  is  $2.1  and  the  cost  of 
N  per  pound  is  $0,19$,  it  is  calculated  that  0*0929  ton  of  forage  is 
equal  in  value  to  10  pounds  of  N  ($l«9fT  ~  $21*00) .    Using  table  6  to 
find  the  most  pre fi table  rate^  this  increase  of  0ff0929  ton  in  yield 
falls  somewhere  between  the  260-  and  the  2?0=pound  application*.  In 
table  5  the  calculated  most  profitable  rate  was  found  to  be  263 
pounds.    Similarly,  if  the  value  of  the  crop  were  only  $15>  per  ton, 
cost  of  N  unchanged,  the  most  profitable  rate  would  be  between  80 
and  90  pounds  of  N«    But  if  the  crop  were  valued  at  $25  per  ton5  the 
most  profitable  rate  of  N  would  be  350  pounds 0 

In  using  the  method  of  table  6,  calculation  of  the  most  prof- 
itable rate  is  necessarily  in  terms  of  whole  units  of  the  size  chosen, 
but  in  table  5  the  calculation  is  more  precise,    The  smaller  the  size 
of  unit  used  in  the  method  of  table  6,  the  more  accurate  will  be  the 
results „ 

Table  6  brings  out  the  importance  of  the  response  curve „  The 
average  increase  in  yield  per  pound  of  fertilizer  for  the  range  often 
included  in  a  fertilizer  rate  experiment  is  usually  not  a  satisfactory 
guide  in  determining  the  most  profitable  rate*  -  The  total  response  in 
going  from  0  to  the  highest  rate  of  N  applied  in  the  experiment  (180 
pounds)  is  2 e 3155  tons  when  2li0  pounds  of  P  and  no  K  were  aoplied,. 
This  is  an  average  of  0*1286  ton  per  10  pound  unit0    Reading  from 

5/  The  cover  chart  is  a  hypothetical  illustration  of  this  method,, 
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Table  60-  Calculated  increments  in  yield  of  dry  forage  per  acre 
associated  with  each  additional  10  pounds  of  N5  other 
yield  influencing  factors  constant  1/ 


Application  of  8       Yield  sApplication  of 8  Yield 

N  per  acre      s    increment       s    N  per  acre    s  increment 


Pounds  Tons  s       Pounds  Tons 


0 

0o0000  s 

180 

0.1091* 

10 

olii99  8 

190 

•1071* 

20 

.11*70  § 

200 

.1053 

30 

.110*6  s 

210 

.1035 

ho 

.1U18  s 

220 

•1016 

50 

.1391  s 

230 

•0996 

60 

•1367  s 

2U0 

•0978 

70 

013Ul  ° 

250 

•0961 

80 

•1316  ? 

260 

.091*2 

90 

o!293  t 

270 

•0926 

100 

O1270  i 

280 

•0909 

110 

.12i*l*  2 

290 

•0897 

120 

ol223  • 

300 

•0875 

130 

ol200  ? 

310 

.0860 

iho 

oll77  § 

320 

•081*1* 

150 

•1157  s 

330 

•0829 

160 

.1135  8 

31*0 

•0813 

170  ■ 

•1113  8 

350 

•0797 

o 
o 


1/  To  find  the  most  profitable  rate?  divide  the  cost  of  10 
pounds  of  N  by  the  estimated  value  per  ton  of  dry  forage  before 
harvest •    The  result  is  the  fraction  of  a  ton  of  forage  equal 
in  value  to  10  pounds  of  Ne    Locate  this  result  in  the  "tons" 
column.    The  corresponding  application  of  N  is  approximately 
the  most  profitable  ratec 

Pasture  experiment  ,,  Kirbyville,  Tex„  =>  1950  • 
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table  6  this  increment  is  associated  with  a  rate  of  about  90  pounds 
per  acre0    Based  on  the  response  curve  as  indicated  by  the  four  rates 
used  in  the  experiment,  this  would  underestimate  the  most  profitable 
rate  by  about  170  pounds  per  acre  at  approximately  current  prices  ■ 
and  costs.    As  shown  in  figure  2  the  response  curve  is  still  rising 
rapidly  at  the  highest  rate  applied  in  the  experiment „ 

THE  MOST  PROFITABLE  COMBINATION  -  TWO  VARIABLES 


Steps  in  the  calculations  for  two  variables  represent  an  ex- 
tension of  procedures  similar  to  those  involving  only  one  variable 0 
In  solving  for  Q  where  two  variables  are  involved,  the  value  for  M2 
in  tons  is  substituted  in  the  equation0    As  determined  in  table  33 
M2  has  a  value  equivalent  to  9=3635  tons,  Therefore 

Q  =  l/2l(9o3635)(0o2231ii352lU) 

~  Oo02279 

The  two  variables  N  and  P  are  used  here  in  illustrating  the 
calculation  of  the  most  profitable  combination^  when  no  K  is  appliedo 
The  most  profitable  combination  of  these  two  nutrients  occurs  at  the 
point  where  T,  defined  earlier 3  is  equal  to  Q  as  calculated  above 0 
The  contribution  of  N  involves  its  cost  per  unit  relative  to  the  cost 
of  a  unit  of  P  and  the  quantitjr  of  it  needed  at  the  most  profitable 
combination  of  the  two0    Substituting  for  N  its  equivalent  in  terms 
of  P  to  be  applied  at  the  most  profitable  combination,  results  in  the 
expression 

RpA        rPA     r  r.RPA  7 

(P^rTn  rpA  jpr / 


T  a 


The  undetermined  quantity  is  p/b,  the  number  of  units  of  P  at  the 
most  profitable  combination „    In  terms  of  the  illustration  used  here 

■  .   RPA        RP/b    r  23  it5RPA  Z  0.02270 

1.10        lolO  L  23*k$  EPrfc-  lelO  RP^b  £  l.lo/ 


This  quadratic  equation  is  solved  as  a  series  of  clerical  steps 
illustrated  by  table  7o 

The  size  of  a  unit  of  a  has  been  determined  as  120 a2h  pounds 
and  a  unit  of  b  is  II0J4.8  pounds 0    Thus,  the  most  profitable  combina- 
tion to  apply  Is  233  pounds  of  N  and  Qh  pounds  of  P0    Items  ]$  and 
10,  respectively,  are  the  1=»RX  values  associated  with  units  of  these 
nutrients,  soil  content  plus  quantities  applied  at  the  most  profi- 
table combination o    Substituting  these  values  in  the  two-variable 
form  of  the  equation:    y  .  (0^3272)  (0.9U207 

=  9o3635  (00U0765) 
s  3 082  tons. 

This  is  the  calculated  yield  at  the  calculated  most  profi- 
table combination  of  N  and  P  when  no  K  is  applied „ 
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Table  7»-  The  most  profitable  combination  of  N  and  P  when  no  K  is 

applied 


•  * 

Item  5         D  e  s  c  r ip t  ion  t 

•  * 

Value  s litems      Description  • 

•  «               *  * 

•  •               •  * 

Value 

•  « 
1  :Qr»  s 

*  * 

Oo02507$2 

10 

•  * 

•  • 

sl,0  minus  item  9  8 

.9U207 

2  :»  Qr»      I,  s 

-  o53iiU2sj 

11 

ix  value  9  table  U~>% 

12o77 

3  $ Item  1  plus  item  2  s 

-  ,50935 

12 

tp,  already  found  s 

$M 

1;  s-  lo0  minus  item  3  t 

-  Ok906$it 

13 

lb,  in  units  : 

7o36 

5  :l/2  of  item  h  * 

-  02U532sj 

lU 

sltem  2  /  item  10 2/: 

»56728 

6  :Item  5  squared  s 

.06018: s 

15 

sloO  minus  item 

sii3272 

7  sltem  6  minus  item  1  s 

o03£lls : 

16 

sx  value,  table  15  s 

2S\x 

8  :Sq,  root  of  item  7  l/s 

-  ol87392t 

17 

sn,  already  found  : 

o60 

9  sltem  5  minus  item  8  2/t 

*  * 

o05793ss 

•  * 

18 

sa,  in  units  : 

*  * 

•  * 

l«9ii 

1/  Use  the  negative  root,  2/  Drop  minus  sign. 


Pasture  experiment,,  Kirbyville,  Tex0  -  1950 e 


Reference  to  the  calculations  of  constants  for  the  K  curve  shows 
that  the  quantity  of  K  (soil  potash  -  no  application)  was  6022  units , 
and  that  1^6.22 

is^00750iilo    Substituting  this  value  ,  and  the  quantity 
in  the  three -variable  form  of  this  equation 9  results  in  the  same 
yield o 

y  s  12oli8ii0  (0o^3272)(0o9U207)(0o750lil) 
s  12oU8U0  (0,30590) 
s   3 o82  tons 

At  $21  per  ton  the  gross  return  from  3o82  tons  is  $80o22  per  acreG 
The  cost  of  lo9ii  units  of  a  and  7o36  units  of  b  at  the  determined  values 
of  r*  and  r"  respectively,  is  $53<>59o    Thus,  the  return  above  the  cost 
of  the  fertilizer  at  the  most  profitable  combination  of  N  and  P  when 
no  K  is  added,  is  $26063  per  acrec    This  is  a  higher  return  per  acre 
than  either  of  the  two  combinations  shown  in  table  5  where  no  K  is  applied 0 
In  table  5>  N  and  P  in  turn  were  fixed  at  stated  levels ,  but  in  table  7 
they  are  free  to  vary  simultaneously 0 

THE  MOST  PROFITABLE  COMBINATION  -  THREE  VARIABLES 

In  determining  the  value  of  Q  when  3  variables  are  involved,  the 
quantity  of  M3  (in  tons)  from  table  2  is  substituted  in  the  equation,. 
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For  this  experiment  the  equation  then  becomes: 

Q  =  1/21  (l2oU8U0)(0„223Hi3521it) 
=  Oo01709 

The  most  profitable  combination  of  nutrients  occurs  at  the 
point  where  T,  defined  earlier,  is  equal  to  Q  as  calculated  above 0 
The  contribution  of  N  involves  its  cost  per  unit  relative  to  the 
cost  of  a  unit  of  P  and  the  quantity  of  it  needed  at  the  most  prof- 
itable combination  of  the  two„    The  same  is  true  for  K0  Substitu- 
ting for  the  N  and  K  factors  their  equivalents  in  terms  of  P  to  be 
applied  at  the  most  profitable  combination^,  results  in  the  expression: 

T  -  r"  (l°RP/4))  (Rp^b)    (l-RP^3)  -  q 

"  /r'  RP^b  f  r"  (l»RP^b27  ^r"»*RP^b  f  r»  {\^>f°)J 

In  this  formidable -looking  equation  the  only  undetermined 
quantity  is  p/b,  the  number  of  units  of  P  at  the  most  profitable 
combination  0    In  terms  of  the  illustration  used  here 

T  -    1,10  (l~RPfo)2    RPA  ,n  01709 

^23,U5  HP**/  1«10  (l»RP^DX7/2e35  RP^b/  IclO  (l»RP/b27 

This  reduces  to 

T  s    lao  (RP^)3-  2.20  (RP^b)2  /  1.10  RP^b  -     „  g 
21*93.7$  (RP^3)2  7  &«960  RP>  /  1,21™"  ° 

But,  this  is  a  cubic  equation  and  ordinarily  the  answer  is 
found  only  by  a  series  of  trials,  which  can  be  a  tedious  process,, 
However,  the  number  of  units  of  p/b,  used  as  the  exponent  of  R  when 
R  s  0,8,  is  usually  large  enough  so  that  R^  will  nearly  always  be  a 
negligible  quantity „    Because  this  is  the  cases  the  problem  can  be 
met  through  solution  of  an  imperfect  quadratic  equations    This  work 
can  be  arranged  as  a  series  of  clerical  steps  (table  8)0 

Recalling  that  the  symbols  a,  b,  and  c  refer  to  applied  N, 
P,  and  K,  respectively,  table  8  shows  that  the  most  profitable  rates 
of  application  of  the  three  nutrients  are  2^97$  9«35j  and  5*32 
units „    Applying  the  unit  values  (u  in  pounds)  for  each  nutrient 
as  previously  determined,  the  calculated  most  profitable  combina- 
tion is  approximately  357  pounds  N,  107  pounds  P  and  158  pounds  Kc 
This  combination  reflects  the  influence  of  the  response  to  each 
nutrient,  the  relative  nutrient  costs a  and  the  crop  value  =  fertilizer 
cost  relationship,, 
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Table  8«-  The  most  profitable  combination  of  N,  P,  and  K 


Constants  previously  determined 
r'  =  $23.U5;  **»  =  $1.10;  r"'  =  $2.35;  Q  =  0.01709 


TJ  

Item 

s  Description 

t  Value 

• 

Item:         Description  : 

•  4 

•  4 

•  value 

1 

:-2  r" 

:-  2.20000; 

22 

•  i 
• 

:Neg„  sq*  root,  item  21: 

rvDr'l  1 

t-  *0o5au 

2 

t  22  ..35000: 

23 

tltem  19  -  item  22  1/  : 

t  *03713 

3 

t  1*25000: 

2k 

:1„0  minus  item  23 

t  »962o7 

i, 

;r"  squared 

I* 21000s 

_  ,-J 

25 

:x  value,  table  15 

tJlu76 

5 

tltem  2  times  r" 

t  2U. 58500; 

26 

tp,  already  found  : 

f  \  -1 

o 

tltem  3  times  r" 

:    1» 37500: 

27 

tb,  in  units  : 

t  9  ,35"' 

7 

tltem  5  plus  item  6  : 

t  25.96000; 

28 

tr"  times  item  2h  : 

t  1,05916 

p 

0 

tltem  2  times  item 

3  : 

t  27*93750; 

oo 
cy 

tr    t/imes  n^em  d.3  : 

t    « 87070 

9 

;Q  times  item  h 

t       » 02060 : 

30 

tr,n  times  item  23  : 

t  sOo726 

10 

:Q  times  item  7 

t  .Wi366: 

31 

sltem  28  plus  item  29  : 

t  1.92986 

:Q  times  item  8 

•          «  '4  1  (  UP  « 

32 

:Item  28  plus  item  30  : 

>   1  1)i6)i9 

12 

;r"  minus  item  10 

t     ,6563a : 

33 

tltem  29/  item  31 

i  ,U5ll7 

13 

tltem  1  minus  item 

11: 

2o677U5: 

3U 

tlc0  minus  item  33  : 

t  .5U883 

lh 

tltem  13/r" 

35 

tx  value ,  table  15 

t  3.-57 

15 

tltem  12/r" 

i  .59667: 

36 

in,  already  found  : 

i  ,60 

16  • 

tltem  9/r" 

t  .01880; 

37 

:a?  in  units  : 

•  2,97 

17  • 

tltem  15/  item  lli 

t-  ,2l£l3s 

38 

tltem  30/  item  32  : 

t  ,07612 

18 

tltem  16/  item  lit 

,00772: 

39 

:150  minus  item  38  : 

:  ,92388 

19 

tl/2  of  it am  17 

t-  ,12257: 

ho 

sx  value s  table  15  : 

t 11,5a 

20  - 

tltem  19  squared 

t  ,01502: 

hi 

:k,  already  found  : 

•  6.22 

21 

tltem  18  plus  item 

20! 

,00730: 

h2 

:c,  in  units  : 

«  4 

•  4 

FT32— 

1/  When  item  19  is  a  negative  number,  drop  minus  sign,. 


Pasture  experiment,  Kirbyville,  Tex,  -  1950„- 


30 
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The  yield  is  the  function  of  Mo  and  the  product  of  the 
1-RX  values  for  N,  P,  and  Ke    Items  3u,  2h,  and  39^  table  8, 
are  the  respective  1=RX  values  of  these  nutrients  at  the  point 
of  highest  return  per  acre  with  respect  to  fertilizer „  Substi- 
tuting these  values  in  the  three -variable  form  of  the  yield 
equations 

ys    12oU8UO  (0„5U883)(Oo96287)(0.,92388) 
s    12oIi81iO  (0^8823) 

=     6 o 093>1  tons  which  at  $21o00  per  ton  are 
worth  $128 e 00 

The  unit  values  of  a,  b,  and  c,  and  the  costs  per  unit5 
r',  r",  and  rm  are  shown  in  table  8,    From  these  it  is  determined 
that  the  total  cost  of  the  most  profitable  combination  of  all 
three  nutrients  is  approximately  392,00,    Thus,  the  return  above 
the  cost  of  fertilizer  at  the  most  profitable  combination  is 
approximately  $36*00  per  acrec 

Optimum  Rates  Over  a  Range  in  Price-Cost  Ratios 

Table  6  and  the  front  cover  illustration  show  how  results 
from  a  single  variable  fertilizer  rate  experiment  can  be  prepared 
to  serve  as  a  practical  guide  for  extension  workers  and  farmers 
in  determining  the  most  profitable  rate  of  application «    A  similar 
practical  guide  is  presented  for  use  when  three  variables  are  in- 
volved c 

A  few  values  of  Q  are  calculated,  each  reflecting  a  sub- 
stantially different  unit  price  of  the  crop  (v) 0    The  steps 
shown  in  table  8  are  then  worked  out  for  each  of  these  values 
of  Qo    A  chart,  figure  3,  is  prepared,  the  abscissa  of  which  is 
scaled  to  show  small  units,  in  this  case  10  pounds  of  a  nutrient. 
The  ordinate  is  scaled  to  indicate  the  quantity  of  crop  equal  in 
value  to  10  pounds  of  a  nutrient a 

In  table  8,  Q  is  based  on  a  value  of  dry  forage  of  $21  per 
tonc    The  values  of  r',  r",  and  r,,?  are  based  on  costs  per  pound 
of  $0o195,  $0oQ96, and- $0,079  for.N,  P,  and  K,  respectively.  Thus, 
at  $21  per  ton5  Oc0929  ton  of  forage  is  equal  in  value  to  10 
pounds  of  Wo    Table  8  shows  that  the  most  profitable  rate,  at 
this  price  of  forage  and  these  costs  of  fertilizer,  is  35>7  pounds 
of  N0    In  constructing  the  N  curve  of  figure  39  a  dot  is  placed 
at  the  point  of  intersection  of  357  pounds  on  the  abscissa  and 
0*0929  ton  on  the  ordinate  scale  for  that  nutrient.    Points  of 
intersection  for  the  P  and  the  K  curves  were  located  in  a  similar 
manner o    This  process  was  repeated,  using  four  widely  different 
prices  per  ton  of  forage  in  order  to  result  in  points  of  inter- 
section that  would  provide  a  basis  for  drawing  the  freehand  curves „ 
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In  figure  3  the  higher  the  reading  on  the  vertical  scale 
the  lower  the  value  of  the  crop  in  relation  to  the  cost  of  ferti- 
lizer,,   Approximately  the  lowest  value  per  ton  at  which  it  would 
pay  to  use  any  fertilizer  is  represented  by  the  reading  on  the 
vertical  scale  that  is  associated  with  the  upper  end  of  each 
curve o    The  most  profitable  combination  is  indicated  by  the  rela- 
tive shapes  of  the  response  curves  and  the  relative  cost  of  the 
nutrients,  as  well  as  by  the  value  of  the  crop,,    For  example,  as 
the  curve  of  response  to  P  flattens  earlier  than  those  for  N  and 
K,  the  effect  of  increasing  the  ratio  of  crop  value  to  the  cost 
of  phosphate  fertilizer  on  the  rate  of  application  that  would  be 
most  profitable,  is  much  less  marked 0    For  this  reason,  in  figure 
3$  which  reflects  the  influence  of  changing  crop  value -fertilizer 
cost  ratios  on  rates  that  would  be  most  profitable,  the  P  curve 
turns  abruptly  downward  almost  at  the  start „    This  is  in  marked 
contrast  particularly  with  the  N  curve  which  reflects  excep- 
tional elasticity  in  response  to  changes  in  value  of  the  crop 
relative  to  the  cost  of  fertilizer s 

The  return  above  the  cost  of  fertilizer  is  that  portion 
of  gross  returns  available  to  meet  other  costs ,  including  manage- 
ment o    When  a  crop  value -fertilizer  cost  relationship  is  such 
that  it  would  not  pay  to  use  any  fertilizer,  item  21  of  table  8 
will  be  a  negative  number,,    By  trial  methods,  a  value  of  Q  (which 
is  dependent  on  v,  or  the  unit  price  of  the  crop)  may  soon  be 
found  that  will  render  item  21  essentially  zeros  though  still  on 
the  positive  side0    When  such  a  value  of  Q  is  founds  completion 
of  table  8  will  result  in  units  of  as  b,  and  c  that  represent 
rates  of  application  associated  with  practically  the  lowest  unit 
value  of  the  crop  at  which  it  would  pay  to  apply  any  fertilizer „ 
In  this  illustration  9  a  price  per  ton  of  $16 a 6 75  resulted  in 
Q  =  0e02l£28,  and  item  21,  table  8  3  0o000030o    Completion  of 
table  8  then  resulted  in  units  of  as  b,  and  c  equivalent  to  135, 
6ls  and  h6  pounds  per  acre5  respectively a    These  quantities  may 
be  read  on  the  abscissa  of  figure  3  by  dropping  lines  vertically 
from  the  upper  ends  of  the  three  curves „    Under  the  conditions 
of  this  experiment ,  if  the  value  per  ton  of  dry  forage  falls 
below  $16<,675*  the  application  of  any  fertilizer  would  produce 
a  smaller  return  above  the  cost  of  fertilizer  than  the  gross  value 
of  the  calculated  yield  when  no  fertilizer  is  added 0    At  the 
above-mentioned  price  per  ton5  the  return  per  acre  above  the  cost 
of  the  most  profitable  combination  of  nutrients  (135s  61,  and  lj6 
pounds  of  N,  P,  and  K)  is  $13o88<,    This  is  only  15  cents  more  than 
the  value  of  the  calculated  yield  when  no  fertilizer  is  added 0 
Thus,  for  all  practical  purposes,  to  apply  any  fertilizer  when 
the  price  per  ton  of  dry  forage  falls  much  below  $17  per  ton, cost 
of  fertilizer  unchanged,  would  represent  an  encroachment  on  other 
costs „ 
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In  an  earlier  illustration  it  was  pointed  out  that  a  price 
of  $15>  per  toh  would  justify  a  rate  of  between  80  and  90  pounds 
of  N  in  the  presence  of  2h0  pounds  of  applied  P„    Also  it  was 
pointed  out  that  the  cost  of  an  applied  nonvarying  nutrient  is 
not  taken  into  account  in  determining  the  most  profitable  rate  of 
a  single  variable 0    But  when  2  or  more  nutrients  are  varied 
simultaneously,  the  problem  is  one  of  determining  the  most  prof- 
itable combination  with  none  of  them  fixed  at  any  specified  level0 

All  of  the  above  conclusions  are  based  on  fertilizer  nutri- 
ent  costs  indicated  in  table  8,  equivalent  to  $0o195><>  $>0„096,  and 
$0o079  per  pound  of  N,  P,  and  K5  respectively,,    But,  as  long  as 
costs  of  these  nutrients  bear  this  relationship  to  each  other, 
figure  3  applies  irrespective  of  the  actual  costs  per  pound  of  the 
nutrients  or  the  price  per  unit  of  the  crop0 

Effect  of  Changes  in  Nutrient  Costs  and  Cost  Ratios 


Costs  per  pound  of  each  of  the  three  nutrients  have  been  in- 
dicated,,   The  ratios  of  these  costs  per  pound  ($0o195  for  N, 
|0o096  for  P,  and  $0„079  for  K)  to  the  cost  of  K  per  pound  are 
2oh7s  1<>22,  and  lo00o    To  illustrate  the  effect  of  changes  in  nutrient 
costs  and  cost  ratios «,  the  steps  of  table  8  were  conducted  using 
current  retail  costs  per  pound  of  plant  nutrients  as  they  occur  in 
specified  straight  materials „    In  nitrate  of  soda,  the  cost  per 
pound  of  N  is  f>0917Xo  (U  can  be  obtained  at  much  lower  costs  per 
pound  if  purchased  in  other  forms s  particularly  solution 0)  Using 
ordinary  superphosphate  the  cost  per  pound  of  P  is  $Oo085>5>«    For  K, 
the  cost  per  pound  is  -$0o0571  if  bought  in  5>0  percent  muriate  of 
potash o    At  these  unit  costs,  based  on  United  States  average  costs 
per  ton  of  these  materials 9  the  nutrient  cost  ratio  is  2o99§  lo!?0«, 
and  lo00o 

At  $21  per  ton  of  dry  forage,  the  return  above  cost  of 
fertilizer  at  the  level  and  ratio  of  nutrient  costs  when  obtained 
from  the  straight  materials  indicated  above  ,  would  be  about  $>£l 
per  acre  when  the  most  profitable  combination  is  applied 0    At  the 
level  and  ratio  of  nutrient  costs  when  obtained  from  mixed  ferti- 
lizer, the  return  above  fertilizer  cost  as  previously  calculated, 
was  found  to  be  about  $36  per  acre,  at  the  most  profitable  combi- 
nation o    If  the  fertilizer  were  applied  as  three  separate  materials, 
there  would  be  some  additional  cost  of  application 0    Or,  if  the 
farmer  attempted  to  mix  the  materials  before  application 5  additional 
costs  would  be  involved  so  that  the  final  difference  in  return  per 
acre  would  not  be  as  great  as  is  indicated  by  the  above  figures,, 

As  pointed  out  earlier,  if  only  the  level  of  nutrient  costs 
is  changed,  only  one  graph  like  figure  3  is  needed  to  estimate  the 
most  profitable  combination  for  any  crop  price -fertilizer  cost  re= 
lationship0    Buts  if  farmers  can  choose  nutrients  from  different 
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sources  so  that  there  will  be  substantial  differences  in  cost  ratios 
of  nutrients,  as  well  as  differences  in  actual  costs  per  unit,  addi- 
tional graphs  similar  in  form  to  figure  3  can  be  prepared  to  serve 
as  practical  guides  for  extension  workers  and  farmers  in  deciding  on 
the  most  profitable  combination  for  each  situation 0 

SUBSTITUTION  OF  NUTRIENTS  6/ 

Within  limits  yet  to  be  defined  by  experimental  evidence s 
there  are  possibilities  of  substituting  one  nutrient  for  another  in 
order  to  obtain  a  specified  yield „    The  practical  limit  on  yield  may 
be  found  for  a  given  field  on  a  farm,  when  all  yield-limiting  fac- 
tors have  been  removed  as  far  as  possible 0    In  practice,  the  most 
profitable  yield  will  usually  be  somewhat  short  of  the  calculated  most 
profitable  yield 9  particularly  when  the  element  of  risk  is  taken  into 
account,,    When  dealing  with  inputs  such  as  fertilizer 5  that  may  be 
varied  in  intensity,  a  practical  problem  Is  to  obtain  a  given  level 
of  yield  at  the  lowest  possible  cost0    Ways  of  finding  the  most  prof- 
itable combination  of  two  or  more  nutrients  at  any  price «cost  rela- 
tionship have  been  illustrated 0    The  problem  in  this  section  is  to 
find  the  lowest  cost  combination  that  will  give  a  stated  yield. 

This  problem  has  two  aspects =-first5  to  what  extent  is  it 
physically  or  agrcnomically  possible  to  substitute  one  nutrient  for 
another  and  at  the  same  time  maintain  a  given  yield?    The  ansxtfer  to 
this  question  can  be  supplied  only  by  experimental  evidence  of  yields 
obtained  over  a  considerable  range  of  rates  and  combinations „ 

It  is  recognized  that  even  though  substitution  may  be  both 
possible  and  profitable  in  the  short  run,,  there  are  basic  physiologi- 
cal factors  that  may  restrict  substitution  possibilities  to  a  very 
narrow  range  over  any  considerable  period  of  t3me0    The  degree  of 
feasible  substitution  is  influenced 5  among  other  things $  by  the 
nutrient  status  of  the  soilo    The  effect  of  substitution  of  nutrients 
on  quality  of  crop,  even  for  a  short  period.)  might  be  undesirable  in 
certain  situations 0    These  problems  should  be  explored,,    But  the  idea 
of  substitution  of  applied  nutrients  within  limits  as  to  degree  and 
time,  poses  no  problems  not  already  present  in  situations  where  the 
crop  is  adversely  affected  by  an  unbalanced  plant -nutrient  condition 0 


6/  Equations  for  equal  product  combinations  and  for  marginal 
rates  of  substitution  used  in  this  section  were  supplied  by 
Glenn  L»  Burrows 5  Bureau  of  Agricultural  Economics* 
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The  second  part  of  the  problem  is,  what  must  be  the  cost  re- 
lationship between  nutrients  to  make  a  particular  combination  low- 
est in  cost?    This  may  also  be  stated  as?  "How  much  of  one  nutrient 
substitutes  for  another  at  the  lowest  cost  combination?"    This  quan- 
tity of  one  nutrient  that  substitutes  for  another  at  the  lowest 
cost  combination  that  would  result  in  a  given  yield  is  usually 
referred  to  as  the  marginal  rate  of  substitution 0    The  solution  is 
best  approached  in  this  way  where  only  two  nutrients  are  involved „ 

When  three  nutrients  are  involved  the  question  is  more  com- 
plicated and  the  equations  set  up  to  answer  it  are  in  terms  of  "At 
specified  nutrient  cost  ratios,  what  is  the  lowest  cost  combination 
of  nutrients  at  which  to  obtain  a  given  yield?" 

The  Case  of  Two  Variables 

Different  combinations  of  N  and  P  with  no  K  applied 9  are  used 
to  illustrate  the  marginal  rates  of  substitution  of  two  variables „ 
It  has  been  shown  in  the  earlier  illustration  that  the  most  profit- 
able combination  (no  K  applied)  is  233  pounds  of  N  and  8I4.  pounds  of 
P  at  the  fertilizer  cost  rates  and  forage  prices  assumed  earlier 
and  that  the  yield  at  this  combination  is  3o82  tons«    In  the  follow- 
ing illustration s  it  is  assumed  that  under  field  conditions,  and 
considering  the  element  of  risk,  the  most  profitable  yield  is  prob- 
ably about  3  tons0    What  are  some  different  combinations  of  N  and  P 
that  are  calculated  to  produce  a  yield  of  3  tons?    The  equation  for 
this  is 

(y/M2)  ,/(l=Rn/a)=  IJSPr0  or 
(y/M2)  /(l=RP^b)=  l=Rn/a 

where  y  is  the  desired  yield  (constant  product) 0    The  definition  of 
M„  has  been  given,,  and  as  shown  earlier  it  represents  9o3635>  tons0 
The  value  01  l=Rnra  (or  l-RP^b)  is  easily  derived  for  any  rate  of 
application  of  a,  or  of  b  from  constants  already  derived,,    For  ex- 
ample j  u  for  H  has  been  determined  as  120 02h  pounds ,  therefore  300 
pounds  of  a  is  equivalent  to  2„5>0  units-,    As  n  in  these  iliustra- 
tions  =  0,60  unit,  n/a  is  3, 10  units  and  !Jt3ol0  is  o,lj9930o  If 
y=3  tons,  y/M2  =  O032039c    Thus5  l-RPrb  when  a  =  300  pounds  is 
0c 32039/0 o  1|9930  or  0o61il68  and  this  value  is  associated  with  !i„60 
units  of  p/b„    It  has  been  determined  that  p  is  equivalent  to  $ehl 
units  or  62  pounds „    In  other  words,  this  calculated  quantity  of  p 
is  0e8l  unit  or  9»3  pounds  in  excess  of  the  quantity  required  to 
yield  3  tons  of  forage  when  300  pounds  of  W  are  applied,,  This 
calculated  quantity  of  p  bears  some  relation  to  the  quantity  utilized 
by  the  growing  plant 0    The  9=3  pounds  nay  be  regarded  as  the  portion 
of  the  calculated  soil  supply  of  about  62  pounds  that  is  unavailable 
or  unused  by  the  plant  in  the  presence  of  300  pounds  of  applied 
nitrogen 0 
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The  raarginal  rates  of  substitution  for  the  combinations 
shown  in  table  9  are  calculated  as 

RPA      0  1-Rn^a 


MRS  in  units 


Rn/a  l-RP/13 


MRS  in  pounds  s  MRS  in  units  times  ua 

ub 

As  table  9  shows  the  values  for  ,l-Rn/a  and  1-Rp^b  for  the 
various  combinations s  the  values  of  Rn'  a  and  BP' d  are  derived  by 
subtraction «    Substituting  the  values  in  finding  ua  /u^, 
120.2l*/lloU8  -  10oIt7387»    This  represents  the  number  of  pounds 
in  a  unit  of  N  required  to  render  R  s  0£,8<,  divided  by  the  corres- 
ponding number  of  pounds  in  a  unit  of  PQ 

If  values  associated  with  the  combination  of  160  pounds 
of  N  and  6f>  pounds  of  P  are  substituted  in  the  above  equation,  the 
marginal  rate  of  substitution  is  calculated  as 

0,08439  .  0,34992  -  0,02953  ,  oM96l  ^  tijms  loM73B1} 
0.65008     0.91561     0.59522     or  0„52  pounds. 

This  means  that  at  the  combination  160  N  and  6$  P3  Q<>52  pounds  of 
N  substitutes  for  one  pound  of  P  in  producing  a  yield  of  three 
tons0    Or,  if  the  cost  per  pound  of  P  is  0o£2  times  the  cost  per 
pound  of  N,  the  above  mentioned  combination  will  yield  highest  net 
return „    The  marginal  rate  of  substitution  calculated  in  this 
manner  for  each  combination  is  shown  in  the  last  column  of  table  9« 

Each  marginal  rate  of  substitution  is  associated  with  a 
particular  point  on  the  equal-product  curve  (figo  h) o    The  marginal 
rate  of  substitution  is  not  to  be  confused  .with  the  average  rate 
over  any  considerable  segment  of  the  curve  ©    At  certain  positions 
on  the  curve  the  two  may  be  nearly  the  same  when  the  average  rate 
is  calculated  for  very  small  intervals,,    For  example 3  in  going  from 
combination  10  to  combination  11  (table  9)  6  pounds  of  P  substi- 
tutes for  10  pounds  of  N0    Thus,,  on  the  average  over  this  short 
range,  106?  pounds  of  J  are  required  to  substitute  for  1  pound  of 
P0    The  marginal  rate  at  the  point  of  combination  11  is  le62,  as 
shown o    But  toward  the  extremes  of  the  range  shown  in  table  9>  the 
average  rate  of  substitution  departs  substantially  from  the  margi- 
nal rate  for  each  10-pound  change  in  the  application  of  N„  And, 
of  course s  the  marginal  rate  at  any  point  departs  widely  from  the 
average  rate  over  any  considerable  range  from  that  point® 

The  current  N  to  P  cost  ratio  about  corresponds  to  the 
marginal  rate  of  substitution  for  combination  13>8    But  if  relative 
costs  changed  so  that  N  cost  only  about  one-third  more  per  pound 
than  Ps  the  least-cost  combination  at  which  to  produce  a  yield 
of  three  tons  would  be  190  pounds  of  a  and  30  pounds  of  b  (com- 
bination 12) e    If  $0o096  is  used  as  the  cost  per  pound  of  P  for 
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both  combinations ,  the  total  cost  per  acre  of  the  fertilizer  at 
combination  15  would  be  §>37<>hko    But,  if  the  cost  of  N  declined 
from  1998  to  1„33  times  that  of  P,  the  cost  of  the  latter  remain- 
ing constant,  the  total  cost  of  fertilizer  at  combination  12  would 
be  $27olh»    Thus,  failure  to  make  the  change  from  combination  10 
to  combination  12  would  reduce  by  $10o30    he  returns  per  acre  above 
the  cost  of  the  fertilizer 0 

The  experiment  on  which  these  illustrations  are  based  does 
not  pro\7ide  a  means  of  checking  on  whether  all  of  the  different 
combinations  indicated  in  table  9  and  shown  graphically  in  figure 
h  would  produce  a  yield  of  3  tonsQ    However,  the  indicated  re- 
sponse to  N  was  such  at  all  combinations  of  P  and  K  that  the  curve 
from  0  to  180  pounds  of  N  almost  resembled  a  straight  line*  At 
160-0-0  the  reported  yield  was  2o36  tons.    At  120-120=0  it  was 
2,91;  tons0    As  combination  17  is  lUO-159-O  pounds  (table  9),  the 
evidence  supplied  by  the  experiment  makes  the  calculated  yield  of 
three  tons  for  this  combination  appear  reasonable „    The  P  curve 
levels  off  rapidly  after  about  120  pounds,  but  the  additional  20 
pounds  of  N  would  increase  the  yield  substantially  according  to 
the  N  curvee    Furthermore ,  at  180  pounds  of  N  and  no  applied  K, 
the  yield  at  1?  pounds  of  P  would  be  296l  tons,  according  to  the 
P  curve  s    Therefore,  considering  the  steepness  of  the  N  curve 5 
combination  10  using  210  pounds  of  N  and  17  pounds  of  P  should  re- 
sult in  the  calculated  yield  of  three  tonss 

Table  9$  of  course ,  includes  several  combinations  that 
would  not  be  selected  in  practice  because  the  nutrient  cost  ratios 
required  to  render  them  economic  would  in  all  probability  never 
occur o    But,  a  farmer  often  applies  a  grade  of  fertilizer  on  the 
basis  of  cost  per  ton0    For  example,  at  current  nutrient  cost  ratio 
combinations  10  and  17  are  about  equal  in  cost  per  acre,  but  an  N, 
P  fertilizer  representing  about  a  1  to  1  ratio  costs  a  great  deal 
less  per  ton  than  one  having  a  plant  nutrient  ratio  of  about  12 si 
such  as  combination  10 ,    But  the  latter  would  require  about  70 
pounds  less  material  per  acre0    This  means  a  saving  in  handling 
costo    Also,  combination  17  is  uneconomical  for  the  conditions  of 
the  Texas  Pasture  experiment 9  from  a  national  point  of  view5  be- 
cause it  represents  a  wastage  of  the  sulphur  required  in  the  manu- 
facture of  the  additional  quantity  of  phosphate  fertilizer© 

The  Case  of  Three  Variables 

When  three  variables  are  involved s  marginal  rates  of  substi- 
tution  could  be  calculated  for  each  one  in  turn  at  different  combi- 
nations of  the  other  twoa    However,  this  would  involve  a  consider^ 
able  number  of  combinations  to  cover  the  range  associated  with 
changes  that  might  be  expected  in  the  ratios  of  the  nutrient  costs. 
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A  more  satisfactory  approach  is  to  assume  a  number  of  nutrient  cost 
situations  that  represent  a  range  wide  enough  to  include  any- 
nutrient  cost  ratio  that  may  be  expected 0    The  lowest-cost  combina- 
tion of  nutrients  that  is  associated  Ttfith  each  of  several  such 
nutrient  cost  ratios  may  be  calculated  <>    Interpolations  may  then 
be  made  for  other  cost  ratios  if  desired 0 

The  problem  is  to  find  the  minimum-cost  combination  of 
nutrients  that  will  result  in  the  desired  specified  yield  at  a 
particular  nutrient  cost  ratio „    The  equation  used  in  making  this 
determination  is: 

(1  -  y/M3)m3~  y/M3(r»  £  r"  /  r»»  )ra2 

-  y/M_3  (r'r"  /  r»rm  J  r"r"'  )m  -  y/M3(r!  r"r1")-  0 

In  this  equation,  m  is  the  critical  factor  associated  with 
the  minimum-cost  combination „    It  is  found  by  the  method  of  trial 
and  error «    y  is  the  specified  yield  desired 0    From  previous  work 
M3  was  found  to  be  12oh81i0  tons,  r«,$23.k5j  r",  $lc10j  and 
rm  ,  $2, 35c    For  purposes  of  illustration,  the  specified  constant 
yield,  y  is  5  tons0    Also,  for  purposes  of  illustration,  the  prob- 
lem is  to  find  the  minimum-cost  combination  that  would  produce  the 
desired  yield  of  5>  tons  if  the  cost  of  r'  should  be  reduced  by  2$ 
percent  and  other  nutrient  costs  remained  unchanged 0    Thus,  the 
value  of  r'  becomes  $17o5>8  instead  of  $23<>h5o    Part  of  the  work  in 
solving  the  equation  is  handled  as  simple  clerical  steps  based  on 
values  previously  derived „ 


1,  y/M3  ~  5/l2MkO  =  Oeu005l3 
2e  l-(y/M3)  =  Oo^99U87 

3  9  Item  2/  item  1  =  IJ4968O 
lu  r»/  r»/  r"'  s  17o58/lo10/2o35  =  21003 

$0  (r!r»)/(r5r,fl  )/(r"rm  )  =  63»236 
60  Cr'r")  r"«             -  U£oliUU30 
7o  Item    h/  item  3      -  lh*0$ 
80  Item    5/  item  3     ■=  h202$ 
9o  Item    6/  item  3     =  30.36 


When  the  values  for  items  1  to  9  have  been  calculated,  m  is 
determined  through  a  series  of  trials  as  indicated  in  table  10o 

The  first  trial  value  of  m  may  well  be  from  2e5  to  3°0 
units  larger  than  item  7  of  the  constants  developed  in  the  pre= 
ceding  paragraphs    The  calculations  are  rapidly  done  by  machine 
and  5  or  6  trials  will  usually  result  in  a  value  that  will  render 
item  (e)  of  table  10  a  close  enough  approximation  to  0  for  all 
practical  purposes „ 


Table  10.-  Trial  values  for  m,  at  a  stated  nutrient  cost  ratio 
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ttoo  large; 
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too  small ; satisfactory; 
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0  ft 

o 

too  smalls 

* 

Pasture  experiment  Kirbyville,  Texa  -  1950* 


In  this  illustration,  r»  a  $17.58,  r"  a  $1.10s  and  r"1  s  $2.35. 
Table  11  shows  the  calculation  of  the  minimum-cost  combination  of 
applied  N,  P,  and  K  that  would  be  used  to  obtain  the  desired  yield, 
which  in  this  case  is  5  tons.    The  satisfactory  value  of  m  is  16.69 
as  determined  above.    The  values  of  1-RX  in  table  11  are  derived  as 
m/(m  /  r')>  m/(m  /  r")5  and  m/(m  /  r'")s  respectively,, 

Table  11.-  The  minimum  cost  combination  of  applied  N,  Ps  and  K 
to  obtain  a  yield  of  5  tons  at  a  stated  nutrient 
cost  ratio 

Item:  DJscriP"  «     Val^       ^a^r^u7"^C^  \  Value 
;    tion       ;  ;  tion       s  s    tion  t 

•  a  o 

1  :m/r»  -     $3h*27      sm  /  r»s    $17,79     :m  /  r»»  -  $19.01+ 

2  sl-Rn/a  ri/      .U8702 sl-RP/b<L/     .938l7sl~Rk/c  si/  .87658 

3  :n  /  a  =2/  2.99  sp  /  b  =2/  12.1*7  :k  /  c  =2/  9.38 
h  :n  =3/       .60     sp        *3/   5.1+1     sk  -3/  6.22 

5  :a  =        2.39     sb        s       7,06     sc  -  3.16 

6  ; a  in  lbs.  =U/  287  sbAbs.sl/  81  sc  in  lbs.=U/  9h 

1/  m/(m  /  r' ,  m/Cm/r"),  and  m/(m/rm)3  respectively. 

2/  Read  from  table  15. 

3/  From  constants  previously  developed. 

U/  Item  5  times  u  for  the  nutrient  concerned. 

Pasture  experiment,  Kirbyville,  Tex.  -  1950. 
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As  a  check  on  the  accuracy  of  the  above  calculations ,  and 
substituting  in  the  yield  equation t 

y  =  M  (1-Rn/a)  (i.rpA)  (l-Rk/c) 

=  12eU6U0  (0,i;8702)  (0.93617)  (O0876$8) 
=    5.0000  tons,  the  specified  yield. 

Minimum  cost  combinations  associated  with  stated  cost  ratios 
of  the  three  principal  plant  nutrients  have  been  calculated  accord- 
ing to  the  procedure  just  illustrated,  and  are  shown  in  table  12 
along  with  the  cost  of  fertilizer  per  acre  at  the  unit  costs  indi- 
cated.   There  is  a  range  of  only  30  pounds  in  the  total  quantity 
of  plant  nutrients  to  be  applied  per  acre  to  obtain  the  specified 
yield  of  5>  tons.    But  there  is  a  considerable  range  in  the  nutrient 
ratio.    Relative  to  N,  twice  as  much  P  and  2eS  times  as  much  K  are 
contained  in  combination  1  as  in  combination  3*    At  current  unit 
costs,  combination  3  would  cost  $8.5>2  more  per  acre  than  combina- 
tion 1,    The  latter  is  the  least-cost  combination  at  current  cost 
ratios . 

More  information  is  needed  as  to  substitution  possibilities 
and  the  physical  factors  involved  in  instances  where  there  is 
evidence  that  one  nutrient  may  be  substituted  for  another  in  ob- 
taining a  specified  yield.    The  effect  on  quality  of  crop,  and  on 
removal  from  the  soil  of  a  nutrient  for  which  another  is  substi- 
tuted, are  items  of  major  importance 0    When  substitution  is  possible, 
for  a  time  at  least,  without  harmful  effects,  the  economic  aspects 
may  also  be  of  major  importance ,    Experimental  designs  along  lines 
illustrated  later  should  be  helpful  in  answering  these  questions,. 

Experimental  Design  for  Economic  Interpretation  7/ 

Items  of  economic  interpretation  that  have  been  presented 
are  to  be  regarded  primarily  as  illustrative  rather  than  factual . 
Considerable  extrapolation  has  been  necessary.    There  is  need  for 
experimental  evidence  covering  the  major  portion  of  the  total 
response  curve.    Fertilizer  rate  experiments  that  have  only  one 
variable  can  easily  be  designed  to  provide  a  basis  for  a  regression 
curve  covering  the  entire  range  of  response „    It  is  only  a  matter 
of  including  enough  rates  properly  distributed  over  the  range  to 
permit  characterization  of  the  response  curve . 

Where  two  variables  are  involved,  the  problem  is  increased 0 
There  is  not  only  the  question  of  characterizing  each  of  the 
response  curves  but  also  the  question  of  interaction 6    However,  the 
problem  is  still  manageable.    Of  course,  to  provide  an  adequate 
basis  for  characterizing  each  of  the  curves  throughout  the  range  in 
response,  more  rates  are  needed  than  have  usually  been  included  in 

7/  Assistance  in  preparing  illustrative  experimental  designs  com- 
bining extended  regression  and  factorial  characteristics  was  rendered 
by  D.  D.  Mason,  Bureau  of  Plant  Industry,  Soils,  and  Agricultural 
Engineerings 
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the  simple  two-variable  factorial  experiments.    Probably  6  rates 
usually  should  be  regarded  as  the  minimum  for  this  purpose,  with  as 
many  as  8  or  10  being  more  desirable 0    A  10  X  10  factorial  would 
require  100  plots  without  replication.    For  purposes  of  economic 
interpretation,  in  many  circumstances,  at  least,  a  10  X  10  unrep- 
licated  factorial  would  be  more  desirable  than  a  smaller  number  of 
rates  with  replications. 

However,  another  type  of  design  would  be  to  establish  a 
series  of  rates  of  each  of  the  two  variables  with  the  other  held 
constant,  not  necessarily  replicated,  and  also  set  up  a  factorial 
series  that  would  be  replicated0    Table  13  illustrates  such  a 
design. 


Table  13 «-  Illustrative  outline  of  data  needed  for  estab- 
lishing regression  curves  and  determining  inter* 
action  when  two  variables  are  involved  1/ 
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1/  Outlined 

as  data  would 

be  arranj 

;ed  for  analysis 

o    All  plots 

of  both  regression  and  factorial  series  would  be  randomized, 
Actual  rates  used  would  vary  as  desired. 

The  extended  regression  series  contains  9  rates  of  N  and  6 
rates  of  P,    This  series  need  not  be  replicated^  but  if  facilities 
are  available,  replication  would  add  to  the  value  of  the  experiment. 
Probably,  however,  more  value  would  be  added  by  including  another 
level  in  the  factorial  series .    There  are  a  total  of  9  plots  in  the 
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Table  lit.-  Illustrative  outline  of  data  needed  for  establishing 
regression  curves  and  determining  interaction  when 
three  variables  are  involved  1/ 
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1/  Outlined  as  data  would  be  arranged  for  analysis e    All  plots  of 
both  regression  and  factorial  series  would  be  randomized.  Actual 
rates  used  would  vary  as  desired. 


factorial  series  and  these  should  be  replicated,  perhaps  as  many  as 
5  for  the  no  treatment  combination  and  at  least  2  for  the  others „  This 
would  make  21  plots  in  the  factorial  series  and  V~>  in  the  regression 
series,  or  a  total  of  36  plots 0     (If  s  in  addition,  the  regression 
series  were  replicated^  51  plots  would  be  required) 0    A  h  X  h  factor- 
ial with  ij.  replicates,  which  for  purposes  of  economic  interpretation 
would  not  be  as  satisfactory  as  the  type  of  experiment  illustrated  by 
table  13  even  without  replication  of  the  regression  series,  would  re- 
quire 6k  plots.    The  combination  regression=factorial  design  provides 
an  adequate  basis  for  establishing  a  regression  curve  for  each 
variable  and  for  analysis  of  variance  to  determine  whether  interaction 
is  significant o    It  also  provides  a  basis  for  testing  the  adequacy  of 
the  multivariable  form  of  the  exponential  yield  equation  in  that 
yields  for  the  combinations  included  in  the  factorial  series  may  be 
used  as  checks  on  yields  calculated  wholly  from  constants  derived  from 
the  regression  series ,    In  the  regression  series  it  may  be  desirable 
to  have  smaller  intervals  between  rates  at  the  low  and  high  ends  of 
the  range 0    This  xrould  permit  closer  measurement  of  response  in  the 
"critical1'  segments  of  the  curve« 

When  three  variables  are  involved,  and  where  a  sufficient  num- 
ber of  rates  are  included  to  provide  an  adequate  basis  for  regression 
curves,  the  complete  factorial  would  not  be  feasible  because  of  the 
large  number  of  plots  required.    The  combination  regression-factorial 
design  is  particularly  suited  to  this  situation,,    It  is  merely  an 
extension  of  the  design  for  two  variables 0 

Where  three  variables  including  the  number  of  rates  shown  in 
table  ih  are  involved,  5  replicates  of  the  no-treatment  combination 
and  2  for  each  of  the  others  in  the  factorial  series,  with  no  repli- 
cates in  the  regression  series,  would  require  ?8  plots 0  Replication 
of  the  regression  series  would  add  21  to  bring  the  total  to  99  plots „ 
The  Texas  Pasture  experiment  on  which  the  illustrations  of  procedures 
were  based  was  a  k  X  3  X  3  factorial  with  k  replicates  for  each 
treatment  combination,  making  a  total  of  lhh  plots 0    For  purposes  of 
economic  interpretation  the  combination  regression  factorial  design, 
even  with  only  78  plots,  would  be  more  desirable 0 

Extreme  combinations  are  suggested  in  the  factorial  series  to 
test  the  limits  of  the  multivariable  form  of  the  exponential  yield 
equation  for  calculating  yields  at  combinations  that  depart  widely 
from  those  included  in  the  regression  series a    The  factorial  series 
also  provides  a  basis  for  statistical  measurement  of  interaction 
through  analysis  of  variance 0    It  will  then  be  possible  to  test 
whether  the  presence  or  absence  of  significant  interaction  affects 
the  adequacy  of  the  multivariable  form  of  the  equation  for  calculate 
ing  crop  yields., 
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Table    15.-  Values  of  1-EX  when  R  =  0.8 
(All  values  are  decimal  fractions) 
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03u212 

031*1*27 

03U6y2 

O3uo5o 

16  < 

035073 

035288 

035501* 

035719 

035931* 

03611*9 

036361* 

036579 

036791* 

037009 

17 

t  037221* 

0371*39 

037651* 

037868 

038083 

038298 

038512 

038726 

03891*1 

039156 

18 

i  039370 

039581* 

039799 

01*0013 

Oi*0227 

oUol*i*i 

0lj0655 

01*0869 

01*1083 

01*1297 

19  ! 

0lil5ll 

01*1725 

01*1939 

01*2153 

01*2366 

01*2580 

0l*279U 

01*3007 

OU3220 

01*31*31* 

20  ; 

>  Ol*36l*8 

01*3861 

01*1*071* 

01*1*288 

01*1*501 

01*1*711* 

Ol*ii927 

ol*5H*o 

01*5353 

02*5566 

21  : 

01*5779 

02*5992 

01*6205 

01*61*18 

01*6631 

01*681*3 

01*7055 

0h7268 

01*71*81 

OU7791* 

22  ! 

Olt7906 

01*8119 

01*8331 

01*851*3 

01*8755 

018968 

01*9180 

OU9392 

0l*960i* 

01*9816 

23  « 

050028 

05021*0 

050152 

050661* 

050876 

051088 

051298 

051511 

051723 

051931* 

2l*  : 

05212*5 

052357 

052569 

052780 

052991 

053203 

053l*H* 

053625 

053836 

052*01*7 

25  : 

05U258 

051*1*69 

052*680 

052*891 

055102 

055313 

055522* 

055 1 35 

0559U5 

056156 

26  ; 

056366 

056577 

056787 

056998 

057208 

0571*19 

057629 

057839 

05801*9 

058260 

27  ! 

0581*70 

058680 

058890 

059100 

059310 

059520 

059729 

059939 

06011*9 

060358 

28  s 

060568 

060778 

060987 

061197 

06H*06 

061616 

061825 

062035 

0622Wi 

0621*53 

29  ! 

062662 

062872 

063081 

063290 

0631*99 

063707 

063916 

06U125 

0614331* 

061*51*3 

30  I 

06U752 

061*960 

065169 

065377 

065586 

065791* 

066003 

066211 

0661i20 

066628 

31  ! 

066836 

06701*1* 

067253 

0671*61 

067669 

067677 

068085 

068293 

068500 

068708 

32  • 

068916 

06912lt 

069332 

06951*0 

06971*7 

069951* 

070162 

070369 

070577 

07078k 

33  i 

070992 

071199 

07Hi06 

071613 

071820 

072027 

072231* 

0721*1*1 

07261*8 

072855 

31*  « 

073062 

073269 

0731*76 

073683 

073889 

071*096 

071*302 

071*509 

071*715 

071*921 

35  : 

075128 

075335 

07551*1 

07571*7 

075953 

076160 

Of  6366 

076572 

076776 

0/690U 

36  ! 

077190 

077396 

077602 

077807 

078013 

078219 

0782*2** 

078630 

078836 

07901*1 

37  : 

0792ii7 

0791*52 

079658 

079863 

080068 

080273 

0801*78 

080681* 

080889 

081091* 

38 

081299 

08150U 

081709 

081911* 

082119 

082323 

082528 

082732 

082937 

08311*2 

39  : 

0833U7 

083551 

083756 

083960 

081*165 

081t369 

081*573 

081*777 

081*982 

085186 

iiO  ! 

085390 

085591* 

085798 

086002 

086206 

086310 

086613 

086817 

087021 

087225 

hi 

0872*29 

087632 

087836 

088039 

08821*3 

0881*1*6 

08861*9 

088853 

089056 

089259 

1*2  j 

089^63 

089666 

089869 

090072 

090275 

0901*78 

090681 

09088U 

091086 

091289 

1*3 

091ii92 

091695 

091898 

092100 

092303 

092505 

092708 

092910 

093113 

093315 

ill; 

093517 

093719 

093922 

091*121* 

091*326 

091*528 

091*730 

091*932 

095131* 

095336 

1*5 

rvnc'c'  oft 

095538 

0y57i*0 

095 9U1 

VyoXliJ 

oyo>uo 

AOiC^Sn  ft 

uyoyuy 

uy fipx 

uy (jjc 

h6  ■ 

•  097552* 

097755 

097956 

098157 

098359 

098560 

098761 

098962 

099163 

099361* 

hi 

099565 

099766 

099967 

100168 

100369 

100569 

100770 

100970 

101171 

101371 

2*8 

:  101572 

101773 

101973 

102173 

102371* 

102571* 

102771* 

102971* 

103175 

103375 

1*9 

•  103575 

103775 

103975 

10U175 

101*371* 

10U571* 

101*771* 

101*971* 

105173 

105373 

50 

•  105573 

105772 

105972 

106171 

106371 

106570 

106770 

106969 

107168 

107367 

51 

>  107567 

107766 

107965 

108161* 

108363 

108562 

108760 

108959 

109158 

109357 

52 

:  109556 

109751* 

109953 

110152 

110350 

11051*9 

11071*7 

11091*5 

11111*3 

11132*2 

53 

:  11151*0 

111738 

111937 

112135 

112333 

112531 

112729 

112927 

113125 

113323 

51* 

:  113521 

113719 

113916 

111*111* 

111*312 

111*509 

111(707 

111*901* 

115102 

115299 

55 

•  1151*97 

115691* 

115891 

116089 

116286 

116)483 

116680 

116877 

117071* 

117271 

56 

•  1171*68 

117665 

117662 

118059 

118256 

118U52 

11861*9 

11881*6 

II90U2 

119239 

57 

i  1191*35 

119632 

119828 

120021 

120220 

1201*17 

1206U* 

120810 

121006 

121202 

58 

:  121398 

121591* 

121790 

121986 

122182 

122378 

122571* 

122769 

122965 

123160 

59 

!  123356 

123552 

12371*8 

12391*3 

121*138 

121*331* 

121*529 

121*725 

121*920 

125115 

-  Continued  - 


-  2*8  - 

Table    15.-  Values  of  1-RX  when  R  =  0.8  -  Continued  - 
(All  values  are  decimal  fractions) 


X 

\  0 

1 

t 

2 

3 

1 

5 

6 

7 

8 ;  ; 

9 

0.60 

t  125310 

125505 

125701 

125896 

126091 

126286 

1261*81 

126676 

126870 

127065 

61 

:  127260 

1271*55 

12761*9 

12781*1* 

128039 

128233 

1281*28 

128622 

128817 

129011 

62 

:  129206 

1291*00 

12959U 

129788 

129982 

130176 

130370 

130561* 

130758 

130952 

63 

i  13111*6 

1313UO 

131531* 

131728 

131921 

132115 

132308 

132502 

132696 

132889 

61* 

1  133083 

133276 

1331*70 

133663 

133856 

131*050 

132*21*3 

131*2*36 

131*629 

131*622 

65 

!  135015 

135208 

1351*01 

135591* 

135787 

135980 

136172 

136365 

136558 

136750 

66 

:  13691*3 

137136 

137328 

137521 

137713 

137906 

138098 

138290 

1381*83 

138675 

67 

s  138867 

139059 

139251 

1391*1*3 

139635 

139827 

12*0019 

12*0211 

12*01*03 

12*0595 

68 

:  11*0786 

11*0978 

11*1170 

11*1361 

11*1553 

15171*1* 

12*1936 

12*2127 

11*2319 

12*2510 

69 

s  11*2701 

11*2893 

11*3081* 

11*3275 

12*32*66 

11*3657 

12*381*8 

12*1*039 

11*1*230 

11*2*1*21 

70 

t  li*l*6l2 

11*1*803 

11*1*991* 

U*5185 

12*5376 

12*5566 

11*5757 

11*592*7 

11*6138 

11*6328 

71 

:  11*6519 

11*6709 

11*6900 

11*7090 

12*7280 

11*72*71 

12*7661 

3i*785l 

11*801*1 

12*8231 

72 

t  11*81*21 

11*8611 

11*8801 

11*8991 

12*9181 

11*9371 

12*9561 

12*9750 

12*992*0 

150130 

73 

:  150319 

150509 

150698 

150888 

151077 

151267 

1512*56 

15161*5 

151835 

152021* 

7l* 

•  152213 

1521*03 

152592 

152781 

152970 

153159 

15331*8 

153536 

153725 

153911* 

75 

15U103 

15U292 

15uao0 

15aooy 

151*050 

15501*6 

155235 

1551*23 

155612 

155800 

76 

t  155988 

156177 

156365 

156553 

15672*1 

156930 

157118 

157306 

1572*91* 

157682 

77 

:  157870 

158058 

15821*5 

1581*33 

158621 

158809 

158997 

159181* 

159372 

159559 

78 

:  15971*7 

159931* 

160122 

160309 

1601*97 

160681* 

160871 

161058 

16122*5 

1612*33 

79 

:  161620 

161807 

161991* 

162181 

162368 

162555 

16271*1 

162928 

163115 

163302 

80 

!  1631*88 

163675 

163862 

161*01*8 

162*235 

161*2*21 

162*607 

162*792* 

162*980 

165167 

81 

i  165353 

165539 

165725 

165912 

166098 

166282* 

1661*70 

166656 

16681*1 

167027 

82 

•  167213 

167399 

167585 

167771 

167956 

I68li*2 

168327 

168513 

168698 

168881* 

83 

:  169070 

169255 

1691*1*0 

169625 

169811 

169996 

170181 

170366 

170552 

170737 

81* 

•  170922 

171107 

171292 

1711*76 

171661 

17182*6 

172031 

172216 

1721*00 

172585 

85 

:  172770 

17295U 

173139 

173323 

173508 

173692 

173876 

17U061 

171*21*5 

171*2*29 

86  • 

•  171*611* 

171*798 

171*982 

175166 

175350 

175532* 

175718 

175902 

176085 

176269 

87 

•  1761*53 

176637 

176821 

177002* 

177188 

177371 

177555 

177738 

177922 

178105 

88 

178289 

1781*72 

178655 

178839 

179022 

179205 

179388 

179571 

179  752* 

179937 

89 

180120 

180303 

1801*86 

180669 

180852 

181035 

181217 

1812*00 

181583 

181765 

90  ! 

18191*8 

182130 

182313 

1822*95 

182678 

182860 

18301*2 

183225 

1832*07 

183589 

91 

•  183771 

183953 

181*135 

182*317 

181*2*99 

181*681 

182*863 

18502*5 

185227 

1851*09 

92  • 

185591 

185772 

18595U 

186136 

186317 

1862*99 

186680 

186862 

18701*3 

187225 

93  : 

1871*06 

187587 

187768 

187950 

188131 

188312 

1881*93 

188672* 

188855 

189036 

92* 

189217 

189398 

189579 

189760 

18992*0 

190121 

190302 

1902*83 

190663 

19082*2* 

95  : 

191021* 

191205 

191385 

191566 

19171*6 

191926 

192107 

192207 

192i*67 

1926U7 

96  - 

192827 

193008 

193188 

193368 

19352*8 

193728 

193907 

191*087 

192*267 

191*1*1*7 

97 

191*627 

191*806 

191*986 

195166 

19531*5 

195525 

195701* 

195882* 

196063 

19621*2 

98 

1961*22 

196601 

196780 

196960 

197139 

197318 

197^97 

197676 

197855 

198031* 

99 

198213 

198392 

198571 

198750 

198928 

199107 

199286 

1991*62* 

19962*3 

199821 

1.00 

t  200000 

200179 

200357 

200535 

200712* 

200892 

201070 

20122*9 

2011*27 

201605 

01  ! 

201783 

201961 

202139 

202317 

2021*95 

202673 

202851 

203029 

203207 

203385 

02  : 

203563 

20371*0 

203918 

201*095 

201*273 

202*1*51 

201*628 

201*805 

202*983 

205160 

03  ! 

205338 

205515 

205692 

205869 

20601*7 

206221* 

2062*01 

206578 

206755 

206932 

Oi*  ! 

207109 

207286 

2071*63 

20762*0 

207816 

207993 

208170 

20831*6 

208523 

208700 

05 

208876 

209053 

209229 

2092*06 

209582 

209758 

209935 

210111 

Q*7 

2102B7 

2101*0.5 

06  : 

21061*0 

210816 

210992 

211168 

21131*1* 

211520 

211696 

211872 

21202*7 

212223 

07  : 

212399 

212575 

212750 

212926 

213102 

213277 

2132*53 

213628 

213802* 

213979 

08  • 

211*151* 

211*330 

211*505 

212*680 

211*856 

215031 

215206 

215381 

215556 

215731 

09  : 

215906 

216081 

216256 

2162*31 

216606 

216780 

216955 

217130 

21730U 

2171*79 

1.10  ! 

217651* 

217828 

218003 

218177 

218352 

218526 

218700 

218875 

21901*9 

219223 

11  : 

219398 

219572 

21971*6 

219920 

220091* 

220268 

2202*1*2 

220616 

220790 

220962* 

12  • 

221138 

221311 

2211*85 

221659 

221832 

222006 

222180 

222353 

222526 

222700 

13  : 

222871* 

22301*7 

223220 

223391* 

223567 

22371*0 

223913 

222*086 

222*260 

222*2*33 

ll*  < 

221*606 

221*779 

221*952 

225125 

225298 

2252*70 

22562*3 

225816 

225989 

226161 

15 

-  226331* 

226507 

226679 

226852 

227022* 

227197 

227369 

22752*2 

2277H* 

227886 

16 

228059 

228231 

2281*03 

228575 

22872*7 

228919 

229091 

229263 

2291*35 

229607 

17 

•  229779 

229951 

230123 

230295 

2302*66 

230638 

230810 

230981 

231153 

231322* 

18 

•  2311*96 

231667 

231839 

232010 

232182 

232353 

232522* 

232695 

232867 

233038 

19 

233209 

233380 

233551 

233722 

233893 

232*062* 

232*235 

232*2*06 

232*577 

232*72*7 

-  Continued  - 


-  1*9  - 

Table    10.-  Values  of  1-RX  when  R  =  0.8  -  Continued 
(All  values  are  decimal  fractions) 


X 

0  1 

1 

2  ; 

3  J 

U  ; 

5  ; 

6  ; 

7  s 

• 

8  5 

< 

9 

1.20  : 

231*918 

235089 

235260 

2351*30 

235601 

235771 

23591*2 

236112 

236282 

2361*53 

21 

236623 

236791* 

23696a 

237131* 

237301* 

237U75 

23761*5 

237815 

237985 

238155 

22 

238325 

2381*95 

238665 

238835 

239001* 

239171* 

23931*1* 

239513 

239683 

239853 

23  ! 

21*0023 

aI  ai  Aft 

21*0192 

21*0362 

21*0531 

21*0701 

21*0870 

21*1039 

21*1209 

21*1378 

21*151*7 

21* 

•  21*1717 

21*1886 

21*2055 

2l*222l* 

21*2393 

21*2562 

2U2731 

21*2900 

21*3069 

21*3238 

25 

•  21*31*07 

21*3576 

21*371*1* 

23*3913 

21*1*082 

21*1*250 

21*1*1*19 

21*1*588 

21*1*756 

21*1*925 

26 

ZU5093 

ol.  £■*  ft  ft 

2U5262 

ol'.  1*1.  oa 

21*5a30 

a]  r'r'nO 

2u559o 

21*5767 

21*5935 

2l*6l03 

21*6271 

Al    /I    1  A 

2U6Ua0 

ftl  ££.f\Q 

2U6600 

27 

2U6776 

ft  1 .  aCa! .  1 . 

21*691*1* 

ol.  m  i  ft 

2U7112 

ftl.  ^aQa 

21*7280 

21*71*1*6 

2l*76l6 

21*7  f  81* 

21*7951 

2U8119 

ftl.  Dft  0  *5 

2U8287 

28 

ol.ftl.ff 

21*0 62 2 

ol.  0  ■*?  aa 

2U8790 

21*8958 

21*9125 

21*9293 

2U9a60 

2a9628 

2a9795 

21*9963 

29  ' 

n^rti O/T 
250130 

ftr/AOA*? 

25029  f 

2501*61* 

250632 

250799 

250966 

0  r'l  loo 

251133 

Ari oaa 
251300 

of  t  \.Cn 

2511*67 

25163U 

30 

!  251801 

251960 

OfAl  Of 

252135 

252302 

2521*69 

252635 

252802 

252969 

ftC'OT  OC* 

253135 

ftp*  O  Ortft 

253302 

Ol  . 

31  < 

of  oI./Ia 
2531*69 

of '5/';  "if 
253635 

253802 

253968 

251*135 

25U301 

of  I.I. /CO 

25Ua6o 

ofl./ioi, 

25a63a 

Of  1.  AAA 
25UOOO 

251*967 

OO 

32  j 

Of  fT  OO 
255133 

255299 

of  f  l./Cf 
255U65 

255631 

255797 

255963 

of /It  oa 
256130 

256296 

of/CI./CT 

256uol 

of /C/C07 

25662 ( 

o  o 

33  * 

256793 

256959 

257125 

257291 

2571*56 

257622 

257788 

ftC*'7rtP"  0 

257953 

258119 

of AoQI 

25828a 

31*  i 

2581*50 

258615 

258781 

25891*6 

259111 

259277 

259lll*2 

259607 

259772 

259938 

35  « 

260103 

260268 

2601*33 

260598 

260763 

260928 

261093 

261257 

2611*22 

261587 

36  ! 

261752 

261917 

262081 

26221*6 

2621*10 

262575 

2627a0 

ft  ^  ft  rt/^E 

262901* 

263068 

263233 

37  s 

263397 

O^  Of  ^O 

263562 

263726 

263890 

261*055 

261*219 

26U383 

26a5u7 

261*711 

26uo75 

OQ 

38  ! 

265039 

265203 

265367 

265531 

265695 

265859 

266022 

O^^T  0£ 

266186 

266350 

ft^  £  r'l  1 

26651a 

39  i 

266677 

26681*1 

267005 

267168 

267332 

2671*95 

iAi^  ^  ^  r* 

267659 

A 'TO AA 

2o7822 

ft  lAOr- 

267985 

a/Qt  t  ft. 

26811*9 

l*o  i 

268312 

O/CR).  "?f 

26BU75 

n/LQC  oft 

260638 

2oc5cS01 

26o96a 

269120 

269291 

o/Col.f  1. 

269a5a 

269617 

O/l  A^ft  A 

269780 

la 

26991*3 

270106 

270269 

<;701*31 

270591* 

270757 

270920 

2  fl002 

ft.*yi  ol.c* 

2712a5 

271U07 

1*2  ! 

271570 

07T 

271733 

07T  AAf 
271895 

272057 

272220 

<;  (230c 

2 /25a5 

did  CO  1 

2 (20oy 

2  f 3031 

U3  ! 
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309092 

30921*6 

3091*01 

66  ! 

309555 

309 r09 

31001 f 

"3T  AT  *71 
3101 (1 

3Uo2> 

01  a),  7ft 

310a  f 0 

OT  A/COO 

OT  A7ftA 
,IXU  I  OO 

ot  nol.n 

67 

•  311093 

3112U7 

311a01 

311555 

311 f 00 

^11  A/i*5 

"3T  OAT  f 
31^015 

"51  OT 

3Ld3i.i 

OT  0I.7A 
312a (O 

68 

312629 

Ol  0"7Q  O 
312702 

312936 

3I3OO9 

3132U2 

313396 

3i35ay 

313 (02 

OT  O Of  f_ 
313055 

"5T  I.AAft 

31U0U0 

69 

-  311161 

Ol  1,  Ol  1. 

3ia3ia 

1.1.^*7 

31aao7 

31ao20 

31U773 

OT  I.aa/ 
<:JJ4.9cO 

"3T  f  A7Q 

3150  (9 

*3T  f  O  "30 
315232 

0T  f  Oftf 
315305 

OT  f  f  07 
31553  f 

70 

315690 

Ol  C*fi  1.  O 

313 ou3 

315995 

31631iO 

316300 

01  £1,^0 

316aJ>3 

OT  iC/CAf 
3IOOO5 

OT  rfC*9f  A 

31o (50 

ot  /Cot  a 
31Oyl0 

OT  7A<0 

31(003 

71 

317215 

317367 

317520 

317672 

317821* 

Ol  •JA'79 

317977 

OT  GT  OA 

310129 

OT  ftOftT 
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Table    15.-  Values  of  1-RX  when  R  -  0.8  -  Continued  - 
(All  values  are  decimal  fractions) 
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351*1*06 
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366677 
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369075 
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3701*81 
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370903 
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3711*61* 
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372025 
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372585 
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372725 

372865 
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373285 
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t  375518 
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375797 
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376771 
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378851* 
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380929 
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382585 

382722 

382860 

382998 
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383273 

3831*11 

38351*8 

383686 
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■  383823 

383961 
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381*236 

381*373 

381*510 

381*61*8 

381*785 
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385060 
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385197 

385331* 

3851*71 

385608 

38571*5 

385882 

386019 
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386293 

3861*30 
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386701* 
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386978 
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387388 

387521* 
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388071 

388207 

38831*1* 

3881*60 
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388889 
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389571 

389707 

38981*3 
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390660 
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391068 
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391883 
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392696 
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393779 
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391*995 
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395535 
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26 
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396209 

3963W* 

3961*79 

3966H* 

39671*8 

396883 

397017 

397151 

397286 

27 

t  3971*21 

397555 

397689 

39782U 

397958 

398093 

398227 

398361 

3981*95 

398630 

28 
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398898 

399032 

399166 

399300 
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399568 

399702 

399836 

399970 
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1*00505 
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1*01307 
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1*01571* 

1*01708 

1*0181*2 

1*01975 

1*02108 

1*0221*2 
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1*02509 

1*0261*2 
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■  1*02775 

1*02908 

1*0301*2 

1*03175 

1*03308 

1*031*1*1 

1*03571* 
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1*0381*0 

1*03973 
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•  l*ol*io6 
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1*01*505 
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1*05302 

33 
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1*05567 
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1*06097 
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1*06627 
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1*11638 
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1*1291*9 
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39 
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Table    15.-  Values  of  1-RX  when  R  -  0.8  -  Continued  - 
(All  values  are  decimal  fractions) 
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1*19203 
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1*20627 
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1*23207 
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1*231*65 
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1*23979 
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1*21*236 

2*22*362* 
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1*21*750 
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1*26672 
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1*3211*7 
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1*32527 
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!  1*32653 
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1*32906 
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4^1*29  f 

1*31*1*23 

1*31*51*9 

U3**6  r5 

I.  "31.  Qlfl 

1*35051* 

56 

•  1*35180 

1*35306 

1*351*32 

1*35558 

1*35681, 

1*35809 

1*35935 

2*36o6l 

1*36187 

1*36313 

57 

•  1*361*39 

1*36561* 

1*36670 

1*36816 

1*3691*1 

1*3706? 

1*37193 

1*37318 

2*371*1*2* 

1*37569 

58 

•  1*37695 

1*37820 

1*3791*6 

1*38071 

1*38197 

1*38322 

1*362*2*7 

1*38572 

1*38698 

1*38823 

59 

:  1*3891*8 

1*39073 

1*39198 

1*39323 

1*391*1*8 

1*39571* 

1*39699 

1*39821* 

1*3991*9 

2*1*0071* 

60 

•  1*1*0199 

1*1*0323 

1*1*01*1*8 

1*1*0573 

1*1*0698 

2*2*0823 

1*1*092*8 

2*2,1072 

1*2*1197 

1*1)1322 

61 

:  2*2*11*1*6 

1*1*1571 

1*1*1696 

1*1*1820 

UU19U5 

1*2*2069 

1*1*2191* 

1*1*2318 

1*1*21*1*3 

1*1,2567 

62  : 

■  1*1*2691 

1*1*2816 

1*1*291*0 

1*1*3061* 

1*1*3189 

1*1*3313 

1*2*31*37 

1*1*3561 

1*2*3685 

1*1*3809 

63 

1*1*3933 

1*1*1*058 

1*1*1*182 

1*1*1*306 

1*1*1*1*30 

1*1*1*551* 

1*2*1*678 

1*2*2*801 

1*1*2*925 

1*1*502*9 

61*  : 

1*1*5173 

1*1*5297 

1*1*51*20 

1*1*551*1* 

1*1*5668 

1*1*5792 

2*1*5915 

1*1*6039 

1*2*6163 

1*1*6286 

65 

1*1*61*10 

1*1*0533 

1*1*6657 

S. 1.^70/1 

1*1*6  foO 

1*/*6901* 

1*1*702/ 

1*1*7150 

1*1*72  til 

).  I. 7*3f}7 

1*1*  ( 39  f 

UU  lb  20 

66 

1*1*761*1* 

1*1*7767 

1*1*7890 

1*1*8013 

1*1*8136 

1*1*8260 

1*2*8383 

1*2*8506 

1*2*8629 

1*1*8752 

67  s 

1*1*8875 

1*1*8998 

1*1*9121 

1*1*921*1* 

1*1*936? 

1*1*91*89 

1*2*9612 

1*1*9735 

1*2:9858 

2*1*9981 

68 

•  1*50103 

1*50226 

1*5031*9 

i*50i*71 

2*50591* 

1*50716 

2*50839 

1*50962 

1*51081* 

1*5120? 

69  ! 

1*51329 

1*511*51 

1*51571* 

1*51696 

1*51818 

1*519U1 

1,52063 

1*52175 

1*52308 

2*521*30 

70  1 

1*52552 

l*5267h 

1*52796 

1*52916 

1*5301*0 

2*53162 

1*53281* 

2*531*06 

1*53526 

1*53650 

71  : 

1*53772 

1*53891* 

1*51*016 

1*51*138 

1*51*259 

1*51*381 

1*51*503 

1*51*625 

1*51*71*6 

1*51*868 

72  s 

1*51*990 

1*55111 

1*55233 

1*55351* 

1*551*76 

2*55597 

2*55719 

1*5581*0 

1*55962 

U56083 

73  i 

1*56201* 

1*56326 

1*561*1*7 

1*56568 

1*56690 

1*56811 

1*56932 

1*57053 

1*57171* 

1*57295 

71*  : 

1*571*16 

1*57538 

1*57659 

1*57780 

1*57901 

1*58022 

1*5811*2 

1*58263 

1*58381, 

1*58505 

75  ! 

1*58626 

1*5871*7 

u5oo67 

i*5o9oo 

2*59109 

2,59230 

1*59350 

2*5  9a  71 

1*59592 

1*59712 

76  ; 

1*59833 

1*59953 

1*60071* 

U60191* 

1*60315 

2*601*35 

1*60555 

2*60676 

1*60796 

2*60916 

77  : 

1*61037 

1*61157 

1*61277 

ii6l397 

2*61517 

1*61638 

1*61758 

1*61878 

1*61998 

2*62118 

78  ! 

1*62238 

1*62358 

1*621*78 

1*62598 

1*62718 

1*62838 

1*62958 

1*63077 

1*63197 

1*63317 

79  i 

1*631*37 

1*63556 

1*63676 

1*63795 

1*63915 

1*61*035 

1*62*155 

1*61*271* 

1*62*392* 

1*61*513 

80 

1*61*633 

1*62*752 

1*61*871 

1*61*991 

1*65110 

1*65230 

1*6531*9 

1*651*68 

1*65587 

1*65707 

81  ; 

1*65826 

1*6591*5 

1*66061* 

1*66183 

1*66302 

2*662*22 

2*6651*1 

1*66660 

1*66779 

1*66898 

82  s 

1*67017 

1*67135 

1*67251* 

1*67373 

1*672(92 

2*67611 

1*67730 

1*6781*8 

2*67967 

2*68086 

83  : 

1*68205 

1*68323 

1*681*1*2 

li68560 

1*68679 

1*68798 

1*68916 

1*69035 

1*69153 

1*69272 

82*  ! 

1*69390 

1*69508 

1*69627 

1*6971*5 

2*69863 

1*69981 

2*70100 

1*70218 

2*70336 

1*702*51* 

fief  . 
35  s 

l*70p?3 

U  ( Ooyi 

z*  (v&jy 

y  i  iuz*p 

h71  1 

a  1  IcO  J. 

1,71  ooo 

),71  £l  7 
i*  1  X?l  ( 

i*  ( lo^p 

86  : 

1*71753 

1*71871 

1*71988 

1*72106 

1*72221* 

1*7231*2 

2*721*60 

1*72577 

1*72695 

1*72812 

87  s 

1*72930 

1*7301*8 

1*73165 

1*73283 

1*732*00 

1*73518 

1*73635 

1*73753 

U73870 

1*73988 

88  i 

1*71*105 

1*71*222 

1*71*339 

1*71*1*57 

1*72*571* 

1*71*681 

1*72*808 

1*71*926 

1*7501*3 

2*75160 

89  : 

1*75277 

1*75391* 

1*75511 

1*75628 

1*7571*5 

1*75862 

1*75979 

1*76096 

1*76213 

1*76330 

90  \ 

1*761*1*7 

1*76563 

1*76680 

1*76797 

1*76912* 

1*77030 

1*7711*7 

1*77261* 

1*77380 

1*771*97 

91  ! 

1*77611* 

1*77730 

1*7781*7 

1*77963 

1*78080 

1*78196 

2*78312 

1*782*29 

2*7851*5 

1*78662 

92  s 

1*78778 

1*78891* 

1*79011 

1*79127 

2*7921*3 

1*79359 

1*791*75 

1*79592 

1*79708 

1*79821* 

93  : 

1*7991*0 

1*80056 

U80172 

1*80288 

2*80i*0l* 

1*80520 

1*80636 

1*80751 

1*80867 

1*80983 

91*  > 

1*81099 

1*81215 

1*81331 

1*811*1*6 

1*81562 

1*81678 

1*81793 

2*81909 

1*82025 

1*8212*0 

95  ! 

1*82256 

1*82371 

1*821*87 

1*82602 

1*82717 

1*82833 

1*8291*8 

2*83062* 

1*83179 

1*83292* 

96  s 

1*831*10 

1*83525 

1*8361*0 

1*83755 

1*83871 

2*83986 

1*81*101 

1*82*216 

1*82*331 

1*81*2*1*6 

97  s 

2*82*561 

1*81*676 

1*81*791 

1*81*906 

1*85021 

1*85136 

1*85251 

1*85365 

1*851*80 

1*85595 

98  s 

1*85710 

1*85825 

1*85939 

1*86051* 

1*86169 

2*86282* 

1*86398 

1*86513 

2*86627 

1*8671*2 

99  J 

1*86856 

1*86971 

1*87035 

1*87200 

1*87312* 

2*872*28 

1*8751*3 

1*8765? 

1*87772 

1*87886 
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Table    15.-  Values  of  1-RX  when  R  =0.8  -  Continued 
(All  values  are  decimal  fractions) 

*      0       12       3    :  u    :  5    :  6    :  7    ;  e  ,:  9 

•  •  •  •  *  •  •  •  •  • 

.  ■      ■  —  — 


3.00  : 

1*88000 

U881H* 

1*89228 

1*8831*3 

1*881*57 

1*88571 

1*88685 

1*88799 

1*88913 

1*89027 

01  : 

1*8911*1 

1*89255 

1*89369 

1*891*83 

1*89597 

1*89711 

1*89825 

1*89939 

1*90052 

1*90166 

02  x 

1*902 80 

1*90391* 

1*90507 

1*90621 

1*90735 

1*9081*8 

1*90961 

1*91075 

1*91189 

1*91303 

03  : 

1*911*16 

1*91530 

1*9161*3 

1*91757 

1*91870 

1*91983 

1*92096 

1*92210 

1*92323 

1*921*36 

0U  : 

1*92550 

1*92663 

1*92776 

1*92889 

1*93002 

1*93115 

1*93229 

1*9331*2 

1*931*55 

1*93568 

05  s 

1*93681 

1*93791* 

1*93907 

1*91*020 

1*91*132 

1*91*21*5 

1*91*358 

1*91*1*71 

1*91*581* 

1*91*697 

06  : 

l*9lj809 

1*91*922 

1*95035 

1*9511*7 

1*95260 

1*95373 

1  r\r'\  Or' 

1*951*85 

1*95598 

1*95710 

1*95823 

07  t 

1*95935 

1*9601*8 

1*96160 

1*96273 

1*96385 

1*961*97 

1*96610 

1*96722 

1*96831* 

1*9691*7 

08  s 

1*97059 

1*97171 

1*97283 

1*97395 

1*97508 

1*97620 

1*97732 

1*9781*1* 

1*97956 

1*98068 

09  t 

1*98180 

1*98292 

1*981*01* 

1*98516 

1*98628 

1*9871*0 

1*98851 

1*98963 

1*99075 

1*99187 

t 

10  : 

1*99298 

1*991*10 

1*99522 

1*99633 

1*9971*5 

1*99857 

1*99968 

500080 

500191 

500303 

11  : 

500l*ll* 

500526 

500637 

50071*9 

500860 

500971 

501083 

501191* 

501305 

5011*17 

12  ; 

501528 

501639 

501750 

501862 

501973 

502081* 

502195 

502306 

5021*17 

502528 

13  t 

502639 

502750 

502861 

502972 

503083 

503191* 

503305 

5031*15 

503526 

503637 

Hi  t 

50371*8 

503858 

503969 

501*080 

501*190 

501*301 

501*1*12 

501*522 

501*633 

501*71*3 

15  s 

501*851* 

501*961* 

505075 

505185 

505296 

5051*06 

505516 

505627 

505737 

50581*7 

16  : 

505958 

506068 

506178 

506288 

506398 

506508 

506618 

506729 

506839 

50691*9 

17  t 

507059 

507169 

507279 

507389 

5071*98 

507608 

507718 

507828 

507938 

50801*8 

18  : 

508157 

508267 

508377 

5081*86 

508596 

508706 

508815 

508925 

509035 

50911*1* 

19  t 

509251* 

509363 

5091*73 

509582 

509691 

509801 

509910 

510020 

510129 

510238 

20  : 

51031*8 

5101*57 

510566 

510675 

510781* 

510893 

511003 

511112 

511221 

511330 

21  : 

5111*39 

51151*8 

511657 

511766 

511875 

5H981* 

512093 

512202 

512310 

5121*19 

22  t 

512528 

512637 

51271*5 

512851* 

512963 

513072 

513180 

513289 

513397 

513506 

23  t 

513615 

513723 

513831 

51391*0 

5U*Ol*8 

511*157 

511*265 

511*371* 

511*1*82 

5H*590 

2li  t 

511*699 

5H*807 

511*915 

515021* 

515132 

5i52l*o 

5153U8 

5151*56 

515561* 

515672 

25  : 

515780 

515888 

515996 

516101* 

516212 

516320 

5161*28 

516536 

5166U* 

516752 

26  : 

516860 

516967 

517075 

517183 

517291 

517398 

517506 

517611* 

517721 

517829 

27  : 

517936 

51801*1* 

518152 

518259 

518367 

5181*71* 

518582 

518689 

518796 

518901* 

28  : 

519011 

519118 

519226 

519333 

5191*1*0 

51951*7 

51965U 

519762 

519869 

519976 

29  : 

520083 

520190 

520297 

520l*Ol* 

520511 

520618 

520725 

520832 

520939 

52101*6 

30  : 

521153 

521260 

521366 

5211*73 

521580 

521687 

521791* 

521900 

522007 

52211U 

31  : 

522220 

522327 

5221*33 

52251*0 

52261*6 

522753 

522859 

522966 

523072 

523178 

32  1 

523285 

523392 

5231*98 

523601* 

523710 

523817 

523923 

521*029 

521*135 

52l*2l*2 

33  s 

521*31*8 

521*1*51* 

521*560 

521*666 

521*772 

521*878 

521*981* 

525090 

525196 

525302 

31*  i 

5251*08 

5255H* 

525620 

525725 

525831 

525937 

52601*3 

52611*8 

r1  r\S  r\rJ\ 

526251* 

526360 

35  5 

5261*66 

526572 

526677 

526783 

526888 

526991* 

527099 

527205 

527310 

5271*16 

36  : 

527521 

527627 

527732 

527837 

52791*3 

52801*8 

528151* 

528259 

528361* 

5281*69 

37  : 

528571* 

528680 

528785 

528890 

528995 

529100 

529205 

529310 

5291*15 

529520 

38  : 

529625 

529730 

529835 

52991*0 

53001*5 

530150 

530255 

530359 

5301*61* 

530569 

39  t 

530671* 

530778 

530883 

530987 

531092 

531197 

531302 

5311*06 

531511 

531615 

: 

1*0  : 

531720 

531821* 

531929 

532033 

532137 

53221*2 

53231*6 

5321*51 

532555 

532659 

1*1  : 

532763 

532866 

532972 

533076 

533180  • 

533281* 

533389 

5331*93 

533597 

533701 

1*2  : 

533805 

533909 

531*013 

531*117 

531*221 

531*325 

531*1*29 

531*532 

531*636 

531*71*0 

1*3  t 

531*81*1* 

531*91*8 

535052 

535155 

535259 

535363 

5351*66 

535570 

535671* 

535777 

hk  : 

535881 

535981* 

536088 

536191 

536295 

536398 

536502 

536605 

536709 

536812 

1*5  : 

536915 

537019 

537122 

537225 

537328 

5371*32 

537535 

537638 

53771*1 

r*  *">  no  1  1 

53781*1* 

1*6 

53791*7 

538050 

538151* 

538257 

538360 

5381*63 

538566 

538669 

538772 

r"»  O  O n| 

538871* 

1*7  t 

538977 

539080 

539183 

539286 

539389 

5391*91 

539591* 

539697 

539800 

539902 

1*8  : 

51*0005 

51*0108 

51*0210 

51*0313 

51*01*15 

51*0518 

51*0620 

51*0723 

51*0626 

51*0928 

h9  s 

51*1030 

51*1133 

51*1235 

51*1337 

51*11*1*0 

51*151*2 

51*161*1* 

51*171*7 

51*181*9 

51*1951 

50  : 

51*2053 

51*2155 

51*2258 

51*2360 

51*21*62 

51*2561* 

Sh2b6b 

51*2768 

51*2870 

51*2972 

51  : 

51*3071* 

51*3176 

51*3278 

51*3380 

51*31*82 

51*3581* 

51*3685 

51*3787 

r'l  tQOA 

5U3889 

51*3991 

52  t 

51*1*092 

51*1*191* 

51*1*296 

51*1*396 

51*1*1*99 

t\.).£.m 
piUtoUl 

bUU (02 

£1,1,  Anl. 

53  ! 

51*5109 

51*5210 

51*5312 

51*51*13 

51*5515 

51*5616 

51*5717 

51*5819 

51*5920 

51*6021 

51*  t 

51*6123 

51*6221* 

51*6325 

51*61*26 

51*6528 

51*6629 

51*6730 

51*6831 

51*6932 

51*7033 

55  : 

51*7131* 

51*7235 

51*7336 

51t7l*37 

51*7538 

51*7639 

51*771*0 

51*781*1 

51*791*2 

51*801*3 

56  s 

51*8110* 

51*821*5 

51*831*5 

51*61*1*6 

51*851*7 

51*861*8 

51*871*8 

51*881*9 

51*8950 

51*9050 

57  s 

51*9151 

5h925l 

51*9352 

51*91*53 

51*9553 

51*9651* 

51*9751* 

51*9855 

51*9955 

550056 

58  : 

550156 

550256 

550357 

5501*57 

550557 

550657 

550758 

550858 

550958 

551058 

59  : 

551158 

551259 

551359 

55H*59 

551559 

551659 

551759 

551859 

551959 

552059 
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Table    15.-  Values  of  1-RX  when  R  =  0.8  -  Continued 
(All  values  are  decimal  fractions) 


X 

!    0  ! 

1  | 

2  1 
t 

3  ; 

i* 

5  s 

6  ; 

7  : 

8  ; 

9 

3.60 

!  552159 

552259 

552359 

5521*59 

552558 

552658 

552758 

552858 

552958 

553057 

61  - 

•  553157 

553257 

553356 

5531*56 

553556 

553655 

553755 

553855 

553951* 

551*051* 

62 

•  551*153 

551*253 

551*352 

551*1*51 

551*551 

551*650 

55U750 

551i81*9 

551*91*8 

55501*7 

63 

•  555U7 

55521*6 

5553U5 

5551*1*5 

55551*1* 

55561*3 

55571*2 

55581*1 

55591*0 

556039 

6Ii 

556138 

556237 

556336 

5561*35 

556531* 

y-J^  -^"m> 

556633 

556732 

556831 

556930 

557029 

65 

-  557128 

557227 

557325 

5571*21* 

557523 

557622 

557720 

557819 

557917 

558016 

66 

•  558115 

558211* 

558313 

5581*11 

558509 

558608 

558706 

558805 

558903 

559001 

67  s 

559100 

559198 

559297 

559395 

5591*93 

559591 

559690 

559788 

559886 

559981* 

68 

560082 

560181 

560279 

560377 

56ol*75 

560573 

560671 

560769 

560867 

560965 

69 

561063 

561161 

561259 

561357 

5611*55 

561553 

561650 

56171*8 

56161*6 

56191*1* 

70  • 

56201*1 

562139 

562237 

562335 

5621*32 

562530 

562627 

562725 

562823 

562920 

71 

563018 

563H5 

563213 

563310 

5631*08 

563505 

563602 

563700 

563797 

563891* 

72 

563992 

561*089 

561*186 

561*281* 

561*381 

561*1*78 

561*575 

561*672 

561*769 

561*866 

73 

561*961* 

565061 

556158 

565255 

565352 

5651*1*9 

56551*6 

56561*3 

565739 

565836 

Th  » 

565933 

566030 

566127 

566221* 

566320 

5661*17 

566511* 

566611 

566707 

566801* 

75  i 

566901 

566997 

567091* 

567191 

567267 

567381* 

5671*80 

567577 

567673 

567770 

76  s 

567866 

567963 

568059 

568155 

568252 

56831*8 

5661*1*1* 

56851*1 

568637 

568733 

77  ! 

568829 

568925 

569022 

569118 

56921U 

569310 

5691*06 

569502 

569598 

569691* 

78  : 

569790 

569886 

569982 

570078 

57017U 

570270 

570366 

5701*62 

570558 

570651* 

79  : 

57071*9 

570815 

57091*1 

571037 

571132 

571228 

571321* 

57H*19 

571515 

571610 

80  : 

571706 

571802 

571897 

571993 

572088 

572181* 

572279 

572371* 

5721*70 

572565 

81  ! 

572661 

572756 

572851 

57291*7 

57301*2 

573137 

573232 

573328 

5731*23 

573518 

82  • 

573613 

573708 

573803 

573899 

573991* 

571*089 

571*181* 

571*279 

571*371* 

571*1*69 

83  s 

571*561* 

571*659 

571*753 

571*81*6 

571*91*3 

575038 

575133 

575228 

575322 

5751*17 

81*  i 

575512 

575607 

575701 

575796 

575891 

575985 

576080 

576171* 

576269 

576363 

85  : 

576158 

576552 

57661*7 

57671*1 

576836 

576931 

577025 

577119 

577213 

577308 

86  :  577U02 

5771*96 

577591 

577685 

577779 

577873 

577967 

578062 

578156 

578250 

87  : 

57831*1* 

5781*38 

578532 

578626 

578720 

578811* 

578908 

579002 

579096 

579190 

88  • 

579281* 

579378 

5791*72 

579565 

579659 

579753 

57981*7 

57991*1 

58003U 

580128 

89  i 

580222 

580315 

5801*09 

530502 

580596 

580690 

580783 

580877 

580970 

581061* 

90  ! 

581157 

581251 

58131*1* 

5811*38 

581531 

581621* 

581718 

581811 

581901* 

581998 

91  i 

582091 

582181* 

562277 

582370 

5821*61* 

582557 

582650 

58271*3 

582836 

582929 

92  s 

583022 

583115 

583208 

583301 

58339U 

5831*87 

583580 

583673 

583766 

583859 

93  ! 

593952 

581*01*5 

581*137 

581*230 

581*323 

581*1*16 

581*508 

581*601 

581*691* 

581*787 

9k  s 

581*879 

58U972 

58506!;. 

585157 

58521*9 

58  532*2 

5851*35 

585527 

585619 

585712 

95 

•  585801* 

585897 

585989 

5o50o2 

586171* 

5oo266 

5 oo359 

5ooi*^l 

5865u3 

!?  000.5? 

96  ■ 

586728 

586820 

586912 

587001* 

587096 

567189 

587281 

587373 

5871*65 

587557 

97 

•  58761*9 

58771*1 

587833 

587925 

58801? 

588109 

588201 

588292 

588381* 

5881*76 

98  : 

588568 

588660 

588751 

58881*3 

588935 

589027 

589118 

589210 

589302 

589393 

99 

5891*85 

589577 

589668 

589760 

589851 

56991*3 

590031* 

590126 

590217 

590309 
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Table    15.-  Values  of  1-RX  when  R  =  0.8  -  Continued 
(All  values  are  decimal  fractions) 


X 

;     o  I 

1  j 

2  ■ 

3  ; 

i»  ; 

.  * 

5  ; 

6 

7  : 

8  ; 

9 

a.o 

i  590li0 

59131 

59222 

y  .7  tec 

59313 

59aoa 

^9k9li 

59585 

59675 

59765 

^7  I O^ 

5985k 

1 

!  599ltU 

60033 

60122 

50211 

60300 

60388 

6oa77 

60565 

60653 

607ao 

2 

:  60828 

60915 

61002 

61089 

61176 

61262 

6l3a9 

6ia35 

61521 

61607 

3 

t  61692 

61778 

61863 

6l9a8 

62033 

62117 

62202 

62286 

62370 

62a5a 

h 

s  62538 

62621 

6270a 

62787 

62870 

62953 

63036 

63118 

63200 

63282 

5 

!  6336a 

63UU6 

63527 

63609 

63690 

63771 

63851 

63932 

6aoi2 

6a093 

6 

!  6U173 

61*253 

6a332 

6aai2 

6aa9i 

6a570 

6a6a9 

6a?28 

6a807 

6a885 

7 

!  6U963 

650^1 

65119 

65197 

65275 

65352 

65a29 

65506 

65583 

65660 

8 

:  65736 

65813 

65889 

65965 

66oai 

66117 

66192 

66268 

663k3 

66ai8 

9 

7 

!  66k93 

66567 

666k2 

66716 

66790 

6686I1 

66938 

67012 

67085 

67159 

5.0 

x  67232 

67305 

67378 

6?k5l 

67523 

67596 

67668 

677k0 

67812 

67883 

1 

!  67955 

68027 

68098 

68I69 

682ao 

68311 

68381 

68a5l 

68522 

68592 

2 

68662 

68732 

68802 

68871 

689ai 

69010 

69079 

69ia8 

69217 

69285 

3 

t  6935k 

69li22 

69a90 

69558 

69626 

6969a 

69761 

69829 

69896 

69963 

k 

:  70030 

70097 

7016a 

70230 

70296 

70363 

70a29 

70a95 

70560 

70626 

5 

:  70691 

70757 

70822 

70887 

70952 

71016 

71081 

7iia6 

71210 

7127a 

6 

;  71338 

71k0? 

7ia66 

73529 

71592 

71656 

71719 

71782 

7l81i5 

71908 

7 

•  71971 

72033 

72095 

72158 

72220 

72282 

723aa 

72ao6 

72a67 

72528 

8 

72589 

1  c — JV  7 

72650 

72711 

72772 

72833 

f  c\jyy 

72893 

7295a 

7301a 

7307li 

7313a 

o 

7 

7319), 

7325k 

73313 

73373 

73k32 

73ii91 

73551 

73610 

73668 

71797 

6.0 

i  73786 

738kk 

73902 

f  J 7vt 

73960 

7aoi8 

7ki3a 

7lil92 

7k  307 

1 

7U36U 

7iiii21 

7kk78 

7k535 

7ii?05 

7ii76l 

7a8l8 

7k87k 

2 

!  7^930 

7^097 

75153 

7^208 

75263 

75318 

75373 

75k28 

(  yi+C\J 

3 

i  75U83 

75538 

75592 

1  J  J7 

756k7 

7^701 

75755 

7^809 

75863 

75917 

75970 

U 

t  7602U 

76077 

76131 

7618a 

76237 

76290 

763a3 

76396 

76aa8 

76501 

5    t  76553 

76605 

76658 

76710 

76761 

76813 

76865 

76917 

76968 

77019 

6 

:  77071 

77122 

77173 

7722a 

7727a 

77325 

77375 

77a26 

7?a76 

77526 

7 

77576 

77626 

77676 

77726 

77776 

77825 

77875 

7792a 

77973 

78022 

8 

:  78071 

78120 

78169 

76218 

78266 

76315 

78363 

78ail 

78a59 

78507 

9 

t  78555 

78603 

78651 

78698 

787k6 

78793 

788ao 

7888  8 

78935 

78982 

7.0 

79028 

79075 

79122 

79168 

79215 

79261 

79307 

7935a 

79aoo 

79kk5 

1 

79U91 

79537 

79583 

79628 

7967a 

79719 

7976a 

79809 

7985a 

79699 

2 

t  799hh 

79989 

1  7  7 

80033 

80078 

80122 

80166 

80211 

80255 

80299 

803a3 

3 

!  80386 

80U30 

8oa7a 

80517 

80561 

806oa 

806a  7 

80690 

80733 

80776 

k 

t  80819 

80862 

80905 

809a7 

80990 

81032 

8107a 

81117 

81159 

81201 

5 

812U2 

8l281i 

81326 

81367 

6ia09 

8ia5l 

8ia92 

81533 

8157a 

81615 

6 

:  81656 

81697 

81738 

81779- 

81819 

81860 

81900 

8l9ai 

81981 

82021 

7 

:  82061 

82101 

82iai 

82181 

82221 

82260 

82300 

82339 

82379 

82ai8 

8 

t  82U57 

82^96 

82535 

8257k 

82613 

82652 

82690 

82729 

82768 

82806 

9 

628UU 

82882 

82920 

82959 

82997 

83035 

83072 

83110 

83ia8 

83185 

8„0 

I  83223 

83260 

83297 

83335 

83372 

83a09 

83aa6 

83a83 

83520 

83557 

1 

83593 

83630 

83666 

83702 

83739 

83775 

83811 

838a? 

83883 

83919 

2 

!  83955 

83991 

8a027 

8ao62 

8ao98 

8kl33 

8ai66 

8a2oa 

8k239 

8a27a 

3 

:  8li309 

8U3Uh 

8a379 

8aaia 

8aaa9 

8aa83 

8a5l8 

8k552 

8a587 

8a621 

h 

s  8U655 

8U690 

8a?2a 

ea758 

8a?92 

8a826 

8a859 

8a  893 

8a927 

8a960 

5 

8ii99U 

85027 

85061 

8509a 

85127 

85161 

8519a 

85227 

85259 

85292 

6  ! 

85325 

85358 

85391 

85k23 

85a56 

85a88 

85520 

855^? 

ficT6l  7 

7  i 

85619 

85681 

85713 

85?a5 

85776 

85808 

858L0 

8<R7? 
upu  1  c. 

fl<0^)i 

8  : 

85966 

85997 

86028 

86059 

86090 

86121 

8615? 

86183 

UU1UJ 

ft6?)id 

OOcUp 

9  i 

8627U 

86305 

86336 

86367 

86397 

86a28 

86k58 

86I1RR 

86<1 8 

R6<)i8 
uopiio 

9.0  < 

86578 

86608 

86638 

86668 

86697 

86727 

86757 

oooxo 

R6ft)iCT 

OOOt+p 

1  s 

86875 

8690a 

86933 

86962 

86991 

87020 

870L9 

u  /  \Ji\y 

87078 

U  1  O  (  u 

871  n7 

O  (  J.U  1 

R71  ^6 

2    :  8716U 

87193 

87221 

87250 

87278 

87306 

87335 

87363 

87391 

R7)i1  9 

3  : 

8710*7 

87a?5 

87503 

87531 

87559 

87567 

876ia 

876a2 

87669 

87607 

It  : 

8  772U 

87752 

87779 

87806 

87833 

87860 

87887 

87915 

879a2 

87968 

5  5 

87995 

88022 

880li9 

88075 

88102 

88128 

88155 

88181 

88208 

8823a 

6  : 

88260 

88286 

88312 

88338 

8836a 

88390 

88ai6 

88aa2 

88a68 

88a9a 

7  s 

88519 

885a5 

88570 

88596 

88621 

886U7 

88672 

88697 

88722 

887a7 

8  ! 

88773 

88798 

88823 

888a7 

88872 

888  97 

88  922 

889a7 

88971 

88996 

9  ! 

89020 

890a5 

89069 

8909a 

8913.8 

89ia2 

89166 

89190 

89215 

89239 

-  Continued  - 


-   -  55  - 

Table    15.-  Values  of  1-RX  when  R  =  0.8  -  Continued 
(All  values  are  decimal  fractions) 


0 

!  1 

2 

;  3 

;  k  ; 

5 

;  6 

s:  7 

:      8  : 

9 

10.0    :  89263 

89287 

89310 

89331* 

89358 

89382 

89ao5 

89a29 

.1  : 

89500 

89523 

8951*6 

89570 

89593 

89616 

89639 

89662 

2  : 

89731 

8975U 

89777 

89800 

89822 

898lt5 

89868 

89890 

3  : 

89958 

89980 

90003 

90025 

900U7 

90069 

90091 

90113 

U    t  90179 

90201 

90223 

9021*5 

90267 

90288 

90310 

90332 

5  : 

90396 

90U18 

901*39 

901*60 

90li82 

90503 

9052a 

905a5 

6  s 

90608 

90629 

90650 

90671 

90692 

90712 

90733 

9075a 

7  ! 

90815 

90836 

90856 

90877 

90897 

90917 

90937 

90958 

8  ! 

91018 

91038  ■ 

91058 

91078 

91098 

91118 

91138 

9115? 

9  j 

91216 

91236 

91255 

91275 

91291* 

91311* 

91333 

91352 

11.0  ! 

91U10 

911*29 

911*1*8 

911*67 

9U86 

91505 

9152a 

9l5a3 

1    t  91600 

91618 

91637 

91656 

9167U 

91693 

91711 

91730 

2  : 

91785 

ylovj 

ylo22 

yloUO 

yio!?o 

ylo  (0 

OT  ft  O). 

yioyu 

3  ! 

91966 

9198U 

92002 

92020 

92038 

92055 

92073 

92091 

h  : 

921iiU 

92161 

92179 

92196 

92213 

92231 

922a8 

92265 

5  : 

92317 

9233U 

92351 

92368 

92385 

921*02 

92ai9 

92a36 

6  : 

92U87 

92503 

92520 

92537 

92553 

92570 

92586 

92603 

7  ; 

92652 

92669 

92685 

92701 

92718 

92731* 

92750 

92766 

8  s 

92811* 

92830 

9281*6 

92862 

92878 

92891* 

92910 

92926 

9  : 

92973 

92989 

93001* 

93020 

93035 

93051 

93066 

93082 

12.0  ; 

93128 

93Ht3 

93159 

93171* 

93189 

93201* 

93219 

93235 

1  ; 

93280 

93295 

.93310 

9332U 

93339 

93351* 

93369 

93381i 

2  : 

93lt28 

93Uli3 

931*57 

931*72 

931*66 

93501 

93515 

93530 

3  : 

93573 

93587 

93602 

93616 

93630 

9361*1* 

93658 

93673 

it  : 

93715 

93  729 

9371*3 

93757 

93771 

93785 

93798 

93812 

5  : 

93853 

93867 

93881 

93895 

93908 

93922 

93935 

93919 

6  : 

93989 

91*003 

91*016 

91*029 

91*01*3 

91*056 

9ao69 

9ao82 

7  : 

9U122 

9U135 

91*11*8 

91*161 

9U171*  - 

91*18? 

9a20C 

9a213 

8  : 

9U252 

9li261i 

91*277 

91*290 

91*303 

91*315 

9a328 

9a3l*l 

9  ! 

9U378 

9U391 

91*1*03 

9lila6 

914*28 

9l*U*l 

910*53 

9aa65 

i 

13.0  '. 

9U502 

9U515 

9U527 

9U539 

91*551 

91*563 

9a575 

9a588 

1  : 

9U62U 

91*636 

9U6i*8 

91*660 

91*671 

91*683 

9U695 

9a?o? 

2  : 

9h7U2 

91*  75a 

91*766 

91*777 

9u7o9 

91*001 

0!.  AoSt 

3  : 

9U858 

91*870 

91*881 

91*893 

9l*90l* 

91*915 

9U921 

9a938 

U  • 

9U972 

91*983 

91*991* 

95005 

95017 

95028 

95039 

95050 

5 

95083 

9509a 

95105 

95116 

95126 

95137 

95iae 

95159 

6 

95191 

95202 

95213 

95223 

95231* 

9521*5 

95255 

95266 

7 

:  95297 

95308 

95318 

95329 

95339 

9531*9 

95360 

95370 

8 

:  95U01 

951*11 

951*22 

951*32 

95^2 

951*52 

951*62 

95U72 

9 

95503 

95513 

95523 

95533 

955U3 

95553 

95563 

95572 

lli.O 

[ 

95602 

95612 

95621 

95631 

9561*1 

95651 

95660 

95670 

1 

t  95699 

95709 

95718 

95728 

95737 

957U7 

95756 

95766 

2 

:  9579ii 

95803 

95813 

95822 

95831 

950i*l 

3 

s  95887 

95896 

95905 

95911* 

95923 

95932 

959ai 

95951 

U 

:  95978 

95987 

95995 

96001* 

96013 

96022 

96031 

96oao 

5 

s  96066 

96075 

96081* 

96092 

96101 

96110 

96119 

96127 

6 

96153 

96162 

96170 

96179 

96X8? 

96196 

9620a 

96213 

7 

:  96238 

9621*6 

96255 

96263 

96271 

96280 

96288 

96296 

8 

:  96321 

96329 

9633? 

9631*6 

96351* 

96362 

96370 

96378 

9 

s  96!|G2 

961*10 

961*18 

961*26 

961*31* 

961*1*2 

96a50 

96a58 

15.0 

t  961*82 

961*89 

961*97 

96505 

96513 

96521 

96528 

96536 

1 

;  96559 

9656? 

96571* 

96582 

96590 

96597 

96605 

96612 

2 

96635 

966!*3 

96650 

96658 

96665 

96672 

96680 

3 

s  96709 

96717 

96721* 

96731 

96739 

9671*6 

96753 

96760 

a 

t  96782 

96789 

96796 

96303 

96811 

96818 

96825 

96832 

5 

:  96853 

96860 

96867 

96871* 

96881 

96888 
96957 

96895 

96902 

6 

:  96923 

96929 

96936 

9691*3 

96950 

96963 

96970 

7 

:  96991 

96998 

9700a 

97010 

97017 

97021* 

97030 

97037 

8 

s  97057 

97063 

97070 

97076 

97083 

97089 

97096 

97102 

9 

:  97122 

97128 

97135 

9711*1 

9711*7 

9715U 

97160 

97166 

89U53 
89685 
89913 
90135 
90353 
90566 
9077a 
90978 
91177 
91372 

91562 
91?a8 
91930 
92108 
92283 
92a53 
92619 
92782 
929a2 
93097 

93250 
93399 
9351*a 
93687 
93826 
93962 
9a095 
9U226 
9U353 

9aa?8 

9a600 

9a?i9 

9a835 

9a9a9 

95061 
95170 
95276 
95381 
95a83 
95582 

95680 
95775 
95868 
95960 
960h9 
96136 
96221 
9630a 
96386 
96a66 

965aa 

96620 
96695 
96768 
96839 
96909 
96977 
970l*a 
97109 
97173 
Continued' 


89a76 
89708 
69936 
90157 
90375 
90587 
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Table    15.-  Values  of  1-RX  when  R  =  0.8 -Continued 
(All  values  are  decimal  fractions) 
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Table    15.-  Values  of  1-RX  when  R  =  0.8  -  Continued 
(All  values  are  decimal  fractions) 
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Table    15.-  Values  of  1-RX  when  R  »  0.8  -  Continued 
(All  values  are  decimal  fractions) 
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APPENDIX 

Discussion  of  interaction,  use  of  different  yield  equa- 
tions, analysis  of  variance,  and  a  demonstration  of  the  work  for 
finding  the  most  probable  values  of  the  constants  of  the  form  of 
the  exponential  yield  equation  used,  are  included  at  this  point. 
These  subjects  are  important  to  the  problem  presented  in  this 
report « 

Interaction  From  Reported  and  From  Calculated  Yields 

Mention  was  made  of  interaction  in  the  section  on  methods 
of  analysis ,    Interaction  has  been  defined  as  the  yield  obtained 
when  stated  quantities  of  two  or  more  nutrients  are  added  simul- 
taneously, minus  the  sum  of  the  increases  obtained  when  the  nu- 
trients are  added  one  at  a  time*    The  hypothesis  on  which  the 
exponential  curve  is  based  is  that  increases  in  yield  diminish 
at  a  constant  rate  when  one  nutrient  is  added  in  units  of  equal 
size,  other  nutrients  held  constant.    The  multivariable  form  of 
the  exponential  yield  equation  results  in  calculated  7/ields  that 
pool  the  effects  of  two  or  three  variables  working  together* 
These  regularly  reflect  a  diminishing  rate  of  interaction  between 
nutrients  taken  two  at  a  time  in  the  presence  of  constant  levels 
of  other  yield -influencing  factors.    The  purpose  of  this  section 
is  to  demonstrate  this  effect,  as  applied  to  the  Texas .pasture 
experiment,  in  comparison  with  the  interaction  read  directly 
from  the  reported  yields . 

Table  16  shows  how  interaction  is  determined  directly 
from  the  reported  yields  at  specified  rates  of  application, 

Table  16.-  Interaction  in  terms  of  dry  forage  per  acre 

at  stated  rates  of  application  of  M  and  P  when 
no  K  was  applied,  as  determined  from  the  re- 
ported yields 


N  applied 

:       No  P           :    120  lbs,  : 
;      applied       :    P  applied 

Increase 
:      from  P 

Pounds  : 

0  % 
60  : 

!      Pounds               Pounds  : 

\       2,029  2,1a? 
1       2,860  3,963 

:  Pounds 
1  388 

Increase  \ 
from  N  ! 

Increase:  60-12C 

i                             Sum  of  ! 
?          831  increases 

s  1,219 
t  1*93U 

)  over  0-0  (3,963-2,029) 

Interaction 

• 

;  715 

Pasture  experiment,  Kirbyville,  Tex8  -  1950 , 


-  60  - 


The  excess  of  the  increase  in  yield  from  60  pounds  N  in  con- 
junction with  120  pounds  P,  over  the  sum  of  the  separate  increases 
(388  plus    831  =  1,219)  from  each  of  the  nutrients  added  separately, 
is  referred  to  as  interaction.    Interaction  at  all  combinations  in 
the  experiment  was  worked  out  as  in  table  16 0    As  this  involves  a 
large  number  of  tables,  only  the  end  products,  the  interactions,  are 
included  in  tables  17 3  18,  and  19. 

Comparisons  of  interactions  derived  directly  from  reported 
yields,  and  those  derived  through  yields  calculated  from  the  equa- 
tion are  of  interest,,    However,  they  do  not  provide  an  adequate 
basis  for  judging  the  validity  of  the  multi-variable  form  of  the 
exponential  yield  equation  for  purposes  of  calculating  interaction. 
Perhaps  a  principal  reason  for  this  is  that  interactions  apparently 
were  not  significant  in  this  experiment  (table, 21) .    That  is,  the 
interaction  effects  were  small  relative  to  the  main  effects  and  to 
the  variation  in  yields  of  the  replicate  plots ,    Interaction  based 
directly  on  yields  from  only  three  or  four  rates  of  application 
rather  than  on  a  regression  curve  fitted  to  yields  obtained  over  a 
range  in  rates  applied,  reflect  whatever  erratic  tendencies  appear 
in  the  reported  yields 0 


Table  17o-  Reported  and  calculated  N  x  P  interactions  in 

terms  of  dry  forage  per  acre  at  different  rates 
of  K  applied 


N 

applied  > 
pounds 

• 
• 

K 

:    0  to  120  pounds  P  ; 

t  120  to  2U0  pounds  P 

«  • 

\  Reported  * Calculated \ 

Oft 

Reported  'Calculated 

« 

Pounds 

Pounds 

Pounds  ! 

Pounds 

Pounds 

0  to  60 

• 

* 
• 

0 

715 

1*56  I 

1  185 

U5 

60  to  120 

0 

815 

U10  : 

•    -  291* 

39 

120  to  180 

* 
* 

0 

-  8 

381  • 

531 

38 

0  to  60 

• 

* 
* 

60 

333 

52U  i 

;  -  \6 

50 

60  to  120 

* 
* 

60 

1,362 

1*58  : 

x    -  h09 

U9 

120  to  180 

• 

ft 

'60 

373 

h28  : 

t    -  131 

la 

0  to  60 

ft; 
• 

ft 

120 

1,10k 

558  I 

I  37h 

55 

60  to  120 

• 
ft 

120 

658 

h90  : 

5    -  760 

U8 

120  to  180 

« 
• 

120 

l,9Uh 

U57  s 

t  560 

lilt 

Pasture  experiment,  Kirbyville,  Tex.  -  1950. 
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Interactions  from  reported  yields  at  increasing  rates  of  N 
and  P  exhibit  aberrations  at  all  3  levels  of  K  applied 0    For  ex- 
ample,,  in  table  17,  comparison  of  the  715,  333,  and  the  l510li  pounds 
of  dry  forage  that  represent  the  interactions  from  reported  yields 
for  the  same  levels  of  N  and  P5  but  increasing  levels  of  K3  raises 
questions.    Why  should  interaction  for  0-60  N  and  0-120  P  at  the 
intermediate  level  of  K  drop  to  about  1/2  of  that  reported  at  the 
low  level 3  then  at  the  high  level  rise  to  about  1,5  times  that  at 
the  low  level?    Other  similar  examples  can  be  detected  from  inter- 
actions based  on  reported  yields 0 


Table  18,,-  Reported  and  calculated  N  x  K  interactions  in 

terms  of  dry  forage  per  acre  at  different  rates 
of  P  applied 


Pounds  N 
applied 

i    0  to  Sb  pounds  K  8 

60  to  120  pounds  K 

!  p 

«                                         a  * 

"  Reported  'Calculated* 

o                                         o  c* 

Reported 

* 

*Calculatt 

!  Pounds 

Pounds         Pounds  : 

Pounds 

Pounds 

0  to  60 
60  to  120 
120  to  180 

0 

i  0 
t  0 

a 

37U              1U5  I 
=  2la              128  s 
193              119  s 

0 

« 

-  77 
832 

-  953 

9h 
80 
76 

0  to  60 
60  to  120 
120  to  180 

t  120 
2  120 
s  120 

• 

8               203  t 
308              176  s 
577             166  ? 

o 

-  206 

JL28 

5Ui 

128 
llli 
105 

0  to  60 
60  to  120 
120  to  180 

t  2h0 

8  2h0 

o 
o 

-  238              208  t 
193              182  j 
388              169  8 

213 
-  223 
1,535 

133 
117 
108 

Pasture  experiment 5  Kirbyville  3  Tex,  =  1950, 


The  interactions  derived  through  yields  calculated  from  the 
equation  follow  a  definite  pattern „    For  example ,  at  the  same  rates 
of  N  and  P  (table  17)  interaction  increases  as  the  rate  of  K  is 
increased  o    Similarly 9  in  table  1.8 3  at  the  same  rates  of  N  and  K, 
calculated  interaction  increases  as  the  rate  of  P  is  increased 0  Also, 
at  the  same  rates  of  P  and  K  (table  19) 9  calculated  interaction  in- 
creases as  the  rate  of  N  is  increased « 


But  at  any  stated  level  of  the  third  nutrient ,  the  calcu- 
lated interaction  between  two  nutrients  decreases  as  the  rate  of 
either  of  the  two  nutrients  is  increased 0 
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These  comparisons  are  included  here  primarily  to  show  that 
the  multi-variable  form  of  the  exponential  yield  equation  results 
in  calculated  yields  which  reflect  a  consistent  pattern  of  inter- 
action s    Just  as  the  single  variable  form  does  not  permit  calcula- 
tion of  lower  yields  associated  with  higher  rates  of  fertilizer, 
the  multi-variable  form  does  not  permit  calculation  of  yields  that 
reflect  alternating  higher  and  lower  interaction ,  or  "negative" 
interaction o 

Table  19  o-  Reported  and  calculated  P  x  K  interactions  in 

terms  of  dry  forage  per  acre  at  different  rates 
of  N  applied 


Pounds  P  ?  s    0  to^O'poundi  K  *~T"cO"*to  120  pounds  K 

applied    *  *  Reported  "Calculated"  Reported  "Calculated 


s  Pounds 

Pounds 

Pounds  t 

Pounds 

Pounds 

0  to 

120 

§  0 

535 

* 

76  i 

116 

5o 

120  to 

2U0 

8  0 

• 

26 

7  8 

B 
ft 

-  16 

k 

0  to 

120 

Gt 
ft 

g  60 

153 

ft 

m  s 

Uo 

8U 

120  to 

2U0 

s  60 

a 

a 

-20l> 

12  s 

U03 

9 

0  to 

120 

ft 

%  120 

702 

• 

182  : 

-66U 

116 

120  to 

2h0 

g  120 

=319 

18  s 

o 

-  73 

12 

0  to 

120 

• 

a 

:  180 

83 

ft 

229  : 

582 

1U5 

120  to 

2i|0 

s  180 

* 

-  1,281 

21  i 

1,053 

15 

Pasture  experiment , 

Kirbyville  , 

Tex„  -  1950 o 

As  a 

basis  for 

determining 

interaction  , 

as  well 

as  for 

determining  response  to  a  single  variable,  the  experiment  should 
include  rates  high  enough  to  indicate  the  point  at  which  no 
further  increases  in  yield  may  be  expected ,    Once  this  point  (or 
area)  is  located,  economic  interpretation  is  not  concerned  with 
what  might  happen  if  more  fertilizer  were  added „    It  is  concerned 
with  most  profitable  rates  and  combinations  within  the  range  where 
response  occurs „    The  form  of  exponential  yield  equation  discussed 
here  is  useful  as  a  basis  for  economic  interpretation  within  that 
range o 
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Exponential  and  Parabolic  Functions 

Different  yield  functions  may  apply  equally  well  when  used 
with  certain  data  for  certain  purposes 0    Yields  calculated  by  dif- 
ferent functions  may  differ  only  slightly  within  a  given  portion  of 
the  range  in  response 0    Even  a  straight  line  may  appear  to  fit  the 
data  for  a  very  short  segment  of  the  range  in  response,    The  use- 
fulness of  a  yield  function  is  determined  by  the  way  it  performs 
throughout  the  range  in  response 0    The  fact  that  one  function  may 
describe  response  a  little  more  accurately  than  another  for  a  part 
of  the  range  does  not  mean  that  it  is  to  be  preferred  unless  it  is 
adapted  to  the  work  of  carrying  out  some  of  the  more  important 
aspects  of  economic  interpretation,..    There  is  a  good  deal  of  inherent 
error  in  most  fertilizer  rate  experiments 0    For  example,  an  experi- 
ment carrying  several  replicates  of  each  treatment  is  rated  as  good 
if  the  standard  error  of  the  individual  plots  is  within  10  percent 
of  the  average  yield  of  all  the  plots .    Thens  the  element  of  risk 
and  the  uncertainty  as  to  recurrence  of  other  conditions  such  as 
weather,  which  would  affect  response  if  the  experiment  were  repeated, 
makes  the  matter  of  pin-point  accuracy  more  academic  than  practical* 
In  addition,  there  is  always  the  problem  of  interpreting  results  of 
an  experiment  for  application  to  farm  fields » 

Some  of  the  differences  in  the  characteristics  of  the  exponen- 
tial yield  equation  and  two  forms  of  the  parabola  are  noted  as  a 
result  of  applying  each  of  them  to  an  experiment  involving  5  rates 
of  h-8-7  fertilizer  used  on  potatoes  in  Maine „    Yields  were  reported 
at  rates  of  0,  285,  380,  ii753  and  570  pounds  of  plant  nutrients 0 
The  three  functions  compared  are? 

y  r  M  (l-Rx)  (exponential  -  Spillman) 
y  =  a  /  b  x  /  cx2  (polynomial  parabola) 
y  -  axk  (Cobb-Douglas  function) 

As  described  earlier,  the  hypothesis  of  the  exponential  yield 
equation  is  that  as  a  yield-increasing  variable  is  added  in  units  of 
uniform  size,  yields  increase  at  a  constantly  decreasing  rate0  As 
illustrated  in  table  20,  the  constants  for  this  equation  were  deter- 
mined by  the  method  of  least  squares c    The  parabola  used  in  this 
illustration  was  also  fitted  by  the  method  of  least  squares. 

The  Cobb-Douglas  function  reflects  a  constant  percentage 
change  in  yield  associated  with  each  percentage  change  in  inputs 
Logarithms  of  yields  and  of  fertilizer  rates  are  plotted  on  cross- 
section  paper  (or  the  natural  numbers  on  double-log  paper) e    As  this 
function  represents  a  straight  line  in  the  logarithms,  a  line  of 
least  squares  may  be  fitted  to  the  plotted  logarithms  by  the  equa- 
tion y  =  a  /  bxs    Yields  can  then  be  calculated  using  the  logarithms 
as  terms  in  the  equation.    Yields  for  the  Cobb-Douglas  function  as 
shown  in  column  6,  table  20,  were  thus  calculated  so  that  a  comparison 


of  all  three  functions  could  be  made ,  each  with  the  constants  deter- 
mined by  the  method  of  least  squares „ 

But  a  principal  advantage  of  the  Cobb-Douglas  function  lies 
in  the  ease  of  obtaining  an  approximation  to  least  squares  by  simply 
plotting  the  logarithms  and  connecting  the  points,  thus  forming  a 
straight  line „    Logarithms  of  yields  are  then  read  from  this  line 
at  selected  rates  of  application .    For  example 9  the  function,  b,  may 
be  calculated  as  8 

log  JS  -  log  yQ  . 
log  x6  -  log  x0 

yields  shown  in  column  75  table  20,  were  calculated  in  this  wayQ 
Strictly  speaking,  the  Cobb-Douglas  function  cannot  be  developed 
by  using  the  yield  at  no  application  as  one  of  the  points  because 
there  is  no  logarithm  for  zerc9    However s  such  a  reading  may  be 
approximated  by  using  a  very  low  application  such  as  1  pound  as 
equivalent  to  no  application „    This  was  also  done  in  calculating 
the  yields  shown  in  column  7,  table  20,  as  a  much  closer  fit  to  the 
reported  yields  was  thus  obtained  than  through  selection  of  any 
other  two  points 8 

Table  20 „=■  Reported  yields  of  potatoes  at  different  rates  of 
application  of  plant  nutrients,  and  yields  calcu- 
lated at  these  and  other  rates  through  use  of  dif- 
ferent yield  functions 


x 


N,  P,  :  s  „  Calculated  yields 

and      sReportedsy=Mfl-Rx)  tyrs/bv/^t     J  3  art 

K       t  yields  :        ?/       %          ,  %    Least        :  Graphic 

%J  j  square  form?  form  3/ 

(5)  l  2/    (6)      8  (7) 

Bjishels  Bushels  Bushels 

103  102  102 

(222)  (328)  (335) 

(323)  (391)  (1*02) 

'  1*03  1*32  1*2*6 

kS6  1*66  1*81 

509  1*93  510 

532  517  535 

(537)  (51*0)  (557) 

(523)  (558)  (577) 

(5oo)  (581)  (600) 

(1*37)  (591)  (611) 

(366)  (606)  (626) 

(276)  (617)  (61*1) 

11*3  1*025  15763 

7  18  1*2 


s applied  s 

Y  8 

(1) 

*      (2)  8 

(3)  8 

(1*)  8 

i  Pounds 

Bushels 

Bushels 

0 

2  0 

102 

102 

1 

•  (95) 

(237) 

2 

s  (190) 

(337) 

3 

s  285 

1*11 

1*11 

1* 

8  380 

1*58 

1*65 

5 

8  1*75 

507 

505 

6 

s  570 

535 

535 

7 

:  (665) 

(557) 

8 

t  (760) 

(573) 

9 

8  (885) 

(585) 

10 

t  (950) 

(591*) 

11 

s  (1,01*5) 

(600) 

12 

s  (1.11*0) 

(605) 

d2 

* 

53 

Sy 

(nearest  bushel)  s 

5 

1/  Yield  calculated  for  application  of  one  pound  of  plant  nutri- 
ents considered  equivalent  to  yield  at  no  application  (see  text)o 
2/  Constants  determined  by  method  of  least  squares (see  text)0 
3/  b  calculated  as  log  y^  -  log  Yq 

log  x6"TTog~xJ  lb. 

Bulletin  hlh3  Maine  Agricultural  Experiment  Station 0 
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Often  fertilizer  experiments  do  not  carry  enough  rates  to  per- 
mit characterization  of  the  entire  range  in  response ,    However ,  many 
Maine  potato  growers  are  obtaining  increasing  yields  throughout  such 
a  range  as  indicated  in  table  20.    The  highest  rate  used  in  the  ex- 
periment itfas  570  pounds  of  plant  nutrients 0    Clearly,  the  polynomial 
parabola  is  not  suited  for  extrapolation,,    But  both  the  exponential 
and  Cobb-Douglas    functions  result  in  extrapolated  yields  that  are 
known  to  be  consistent  with  the  experience  of  the  better  potato  pro- 
ducers. 

But  the  exponential  function  has  theoretical  advantage  over 
the  Cobb-Douglas  function  in  the  matter  of  extrapolation 0    It  estab- 
lishes a  maximum  yield  that  cannot  be  exceeded  by  any  calculated 
yield.    The  Cobb-Douglas  function  established  no  maximum,  hence 
calculated  yields  continue  to  rise  with  every  estimated  increase  in 
fertilizer  applied.    For  example,  at  1,900  pounds  of  plant  nutrients 
(10,000  lbs.  of  19  -percent  material)  the  Cobb-Douglas  function, 
when  b  in  the  equation  is  determined  by  the  method  of  least  squares, 
would  estimate  a  yield  of  703  bushels,  in  contrast  with  only  6l6 
bushels  calculated  with  the  exponential  equation,,    The  last  95 
pounds  applied  in  the  experiment  resulted  in  an  increase  of  only 
28  bushels o    While  a  1,900-pound  rate  of  application  of  plant  nutri- 
ents would  be  impractical  and  might  even  cause  serious  damage  to 
plant  growth,  the  illustration  tends  to  point  out  the  advantage  of 
the  exponential -yield  equation  over  either  of  the  other  two,  in 
analyzing  results  of  most  fertilizer  experiments „    It  establishes 
a  maximum  based  on  the  responses  shown,  and  each  calculated  yield 
represents  a  percentage  of  that  maximum,, 

Where  reported  yields  are  available  throughout  the  range  in 
practical  response  that  could  be  obtained,  the  three  functions 
illustrated  might  give  about  the  same  results,  so  far  as  fitting  a 
curve  for  a  single  variable  is  concerned 0    Even  though  it  may  be 
possible  to  develop  ways  in  which  the  parabola  or  the  Cobb-Douglas 
function  may  be  used  in. calculating  the  combined  effects  of  two 
or  more  variables  acting  simultaneously,  the  indicated  advantages 
of  the  exponential  yield  equation  remaine    If  an  experiment  in- 
cludes a  sufficient  number  of  rates  to  characterize  the  curve, 
yields  at  higher  rates  may  safely  be  calculated  by  means  of  the 
exponential  equation „ 

Analysis  of  Variance 

Analysis  of  variance  shown  in  table  21  was  conducted  in  terms 
of  logarithms  of  yields'  so  that  measures  of  variance  would  reflect 
an  assumption  similar  to  that  inherent  in  the  equation  used  in  cal- 
culating yields o    Thus  the  standard  error  of  estimate  of  kk2  pounds 
of  dry  forage  per  acre  for  the  calculated  yields  may  be  appraised 
with  more  meaning  through  comparison  loith  the  standard  error  of  the 
yields  reported  for  replicate  plots.    The  standard  error  is  U80 
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pounds,  after  taking  out  the  effect  of  the  various  treatments „ 
This  standard  error  in  the  replicate  plots  is  about,  10  percent 
of  the  average  yield  for  all  the  plots , 

Most  significant  was  the  main  effect  of  N,  although  the 
main  effects  of  P  and  K  were  also  highly  significant „    Both  the 
linear  and  the  quadratic  variance  ratios  were  highly  significant 
for  N  and  for  P,  as  was  the  linear  ratio  for  Kc    The  quadratic 
ratio  for  K  was  significant 0    None  of  the  interactions  was  sig- 
nificant when  the  analysis  was  conducted  in  terms  of  logarithms 
of  the  yields o 

The  analysis  had  been  conducted  earlier  using  the  yields 
rather  than  the  logarithms  of  the  yields 0    When  done  in  this 
way  the  analysis  indicated  that  some  of  the  interactions  were 
significant;  the  main  effects s  of  course 9  were  highly  signifi- 
cant.   The  variance  ratios  for  main  effects  were  2,323  for  N, 
891  for  P,  and  X8I4.  for  K0    There  was  a  variance  ratio  of  8  for 
N  and  K  interactions  when  the  analysis  was  conducted  in  terms 
of  the  reported  yields,  rather  than  the  logarithms 0    As  response 
to  fertilizer  is  curvilinear  rather  than  linear,  use  of  the 
logarithms  results  in  a  more  meaningful  analysis  of  variance „ 

Finding  the  Most  Probable  Values  of  the  Constants 


The  method  of  applying  the  principle  of  least-squares 
solution  developed  by  We  J0  Spillman  is  reproduced  here  with 
some  documentation  which  should  be  helpful  to  those  who  are 
unfamiliar  with  the  worko    The  illustration  is  limited  to  one 
of  the  variables  (N)  included  earlier  in  the  graphic  method 0 
When  the  least-squares  solution  is  to  be  undertaken,  the  steps 
indicated  in  table  22  are  carried  out  for  each  variable „  Of 
course,  if  only  three  rates  of  application  are  involved,  the 
method  of  graphic  approximation  when  carefully  done,  yields 
precisely  the  same  results  as  does  a  least-squares  solution 0 

The  problem  is  to  determine  the  value  of  R  that  will 
render  the  same  answer  to  two  normal  equations,  one  for  A,  the 
theoretical  maximum  increase  attainable,  and  one  for  R,  desig- 
nated A'o    Referring  to  totals  of  the  indicated  columns 5 
table  22,  and  using  n  for  number  of  observations  and  S  instead 
of  the  more  common  Greek  capital  sigmaQ 

A  ~    n  S  YRX  -  S  Y J3RX  _ 
(SRX)2  Z  n  S(R^W 

A's    n  S  YxPx  ~  SY  SxRx 
SRX  SxRx  -  n  SR%j$ix 
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Table  21.-  Analysis  of  Variance  1/ 


M  S 

lie'-'  * 

* 

Nitrogen 

8  3 

3.531*1*7 

1„17816?««- 

% 

:  1 

3.1*2176 

3.1*2176** 

Nq 

*  1 

o 10976 

Nc 

j  1 

.00295 

0 00295 

p2o5 

:  2 

,81^27 

.1*0761*** 

Pi 

i  1 

.57509 

.57509** 

pq 

s  1 

0  21*018 

•  21*018** 

K20 

•  2 

cl6876 

.081*38** 

i  1 

,Hi9lU 

.11*911*** 

\ 

g  1 

. 01962 

.01962* 

Rep 

•  3 

Oo5l*i5 

.01805** 

NxP 

i  6 

.02U71 

.001*12 

NxK 

3  6 

O007li3 

.00121* 

NxR 

:  9 

.010U8 

.00116 

PxK 

:  h 

. 01637 

.001*09 

PxR 

8  6 

o 

o02l8U 

.00361* 

KxR 

8  6 

• 

,00230 

.00038 

NxPxK 

• 

s  12 

,03373 

.00281 

NxPxR 

a 
a 

t  18 

.0U3U2 

.0021*1 

NxKxR 

o 

8  18 

c0iili.89 

.002ii9 

PxKxR 

« 

t  12 

o0U913 

*00l*09 

NxPxKxR 

:  36 

c128li7 

.00357 

Total 

* 

:  1U3 

\x.9S9xl 

1/  Conducted  in  the  Office  of  the  Statistical  Assistant,  Bureau 
of  Agricultural  Economics,  using  logarithms  of  yields  in  pounds . 
Pasture  experiment,  Kirbyville,  Tex»  -  1950. 
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When  the  correct  value  of  R  has  been  reached  through  suc- 
cessive trials,  A  »  A!  -  Oc    The  difference  between  A  and  A', 
when  R  -  0.8677  (table  22),  amounting  to  0o000077  is  so  small 
that  this  value  of  R  may  be  considered  satisfactory „    The  work  of 
computing  values  for  M,  n,  and  u  is  also  shown  following  table  22 » 
In  making  the  calculations,  yields  were  expressed  in  tons  to 
reduce  the  size  of  the  figures  handled,, 

Table  22  shows  the  computations  for  the  value  of  R  finally 
found  to  be  satisfactory 0    The  first  trial  value  may  be  determined 
as: 


Substituting  the  yield  data  from  table  1,  expressed  in  pounds 


This  value  resulted  in  E  =  /  Oo7ii75»    When  A  exceeds  A9  (E  posi- 
tive) the  trial  value  of  R  is  too  small;  when  A  is  smaller  than 
A'  the  trial  value  is  too  large „    After  some  experience  has  been 
gained,  a  satisfactory  value  of  R  may  usually  be  found  after 
three  or  four  trials 0    The  only  purpose  of  finding  A-Af  s  0  is 
to  arrive  at  a  value  of  R  and  of  the  other  constants  that  will 
permit  calculation  of  the  most  probable  yield  according  to  the 
equation  based  on  the  reported  yields „    The  solution  described 
results  in  the  most  probable  value  of  the  constants,  giving  equal 
weight  to  each  reported  observation „    A  seemingly  small  devia-  ■ 
tion  from  0  in  the  value  of  E  may  reflect  enough  error  in  the 
value  of  R  and  the  other  constants  to  affect  the  calculated 
yields  materially ,    But,  meticulous  care  in  finding  the  constants 
may  not  necessarily  result  in  calculated  yields  that  reflect  the 
true  response,  if  statistical  tests  indicate  substantial  error 
in  the  reported  yields 0    Therefore s  when  only  four  or  perhaps 
even  five  or  six  rates  are  included  and  when  there  is  substan« 
tial  variation  among  the  replicates  of  identical  treatments^ 
graphic  approximation,  or  the  method  indicated  above  for  find«= 
ing  the  first  trial  value  of  R,  may  be  regarded  as  satisfactory 
for  practical  purposes „ 


Z  R 


6,971  -  U,070 
5,688  r  2,339 


2,901 
3,31x9 


0.86623 


Table  22.  =>  Arrangement  of  work  for  determining  most  probable  values 
of  constants  for  the  responses  to  nitrogen  1/ 


(6o-ib.:  ?r1d *  _2  ^sKcoio  i  x:(coi0  3  :ccoi.  3  x:(c0i.  2  x:(c0io  2  x 

mits);5tons:     5    '      :  Col°  3)  ^  squared);  Col.  k)  \  Col.  3)  J  Colo  k) 
~~  1     8    2     g      3"°     :      U      ~T~T"     s~6        s    ~?     "s      8  ~~~ 


0  1.170    lo 000000       —  lo 000000  —  1.170000 

1  2.035    Oo867700    Oa867700  0.752903  0,752903    1,765769  1,765769 

2  2o81il*    0o  752903    1 .505806  0.566863  1.133726    2.11il256  h.2825l2 

3  3ol86  _0_o65329h    18 9598 82  O0u26793  lo 280379    2.277383  6.8321U9 
-~nSF~  9=535    3.273897  TT3333HH  2o7To5^9  37T67ooH  TTJZBM  127HM30" 

1/  When  no  observation  is  available  at  zero  application  or  when  the  inter- 
vals between  rates  of  application  are  not  uniform,  some  modifications  of  the 
procedure  are  necessary.    These  modifications  are  not  illustrated  here. 

Pasture  experiment,  Kirbyville,  Tex.  -  1950. 

In  solving  equations  19  2,  and  3  below,  column  references  refer  to 
sums  of  columns B    x  is  used  as  the  sign  of  multiplication c 

lo    A  $    N  (numerator)    -  (n  x  colQ  7)  =  (col.  2  x  col0  3) 

a  29.1*17632  -  31.216608  =  -  1. 798976 

D  (denominator)-  (col0  3)^  -  (n  x  col.  5) 

s  10o7l8ii02  -  10  .  986236  =  -  0o  26783a 

A  s  -  1.798976/-  0o26783h  -  6.716757 

2o    A's    N8  (numerator)    s  (~  colo  2  x  eol.  4)  /  (n  x  col®  8) 

=  -  1*1.318855  /  5lo521720  s  IO Q 202865 

D 8 (denominator )»  (<=  h  x  cclo  6)  /  (col.  3  x  colo  h) 
=  -  12  .668032  /  Hul87066  s  1.5l903li 

A8  =  10. 202865/1. 51903U  s  6.716680 

E    s  A-A8  =  6.716757  -  6.716680  s  0.000077  tons  or  0ol5u  lb. 
The  value  of  E  is  so  small  that  R  §  0.8677  is  acceptable. 

3.    Ms  1/h  (col.  2  /  A  x  col.  3) 

»  7.8812  tons  or  15,762  pounds 

h.    n  (soil  nitrogen)  ■  (log  M  -  log  A)/  log  0,8  =  0.069li2/-0,09691=0,7l6U 

5.    u  ~  log  0.8  /  log  R  c  «  0.09691/  -  0.06163  "  lo572uL8    6o»lb.  units 

=  9U.35  lbs. 


Yields  in  pounds  are  then  calculated  from  these  constants 0 


Table  23 Comparison  of  reported  yields  and  yields  calculated  at  dif- 
ferent levels  of  nitrogen  1/ 


X 

:  ?Yield,y 

:  Yield, 

* 

i  d2 

a 

* 

a 

0  4 

n 

a  « 

«  4 

/ 

:  1-R  n/a  scalcula- 
t                 : ted  2/ 

•t  Y 

s  reported 

Pounds 

Units 

Units 

Units 

Pounds 

Pounds 

Pounds 

0 
60 
120 
180 

Os6359 
le2719 
1*9078 

0o7l6U 
0,7161* 
,7l6ii 
;.7l6h 

Oo7l6U 
1.3523 
lo9883 
2,62ii2 

0,11*7701  2^328 
„  2601*82  U,106 
o35832li  5,61*8 
oiiii32lU  6,986 

2,339 
h5070 
5,688 
6,971 

121 
1,296 
1,600 

225 

Sum  of  squared_  deviation s  "~~  3,2li.2 
Standard  error  of  estimate  57~*   


1/  The  constants  for  the  equation  were  computed  by  the  method  of 
table  22 o 

2/  y  =  15,762  (l-Rn/a) 

Pasture  experiment,  Kirbyville,  Tex„  -  19500 

The  standard  error  of  estimate  for  yields  calculated  from  the 
same  data  when  the  constants  were  determined  by  the  method  of  graphic 
approximation  was  9h  pounds .    The  standard  error  of  the  means  of  the 
replicates  of  reported  yields  for  the  0=j,  60=-,  120=5  and  180-pound 
rates  of  application  are  £  196 ,  £  167 ,  £  hOl,  and  £  132  pounds,  re- 
spectively (table  l)0    Therefore,  as  indicated  earlier,  the  graphic- 
approximation  method  of  finding  constants  may  be  preferred  to  a  least- 
squares  solution  in  instances  of  the  type  illustrated,  in  view  of  the 
additional  work  required  by  the  latter 0    However,  if  several  rates 
are  included  in  the  experiment  and  if  they  are  distributed  so  that  re- 
ported yields  are  available  over  a  major  portion  of  the  range  in  which 
response  occurs,  a  least-squares  solution  should  be  used  in  finding 
the  constants  for  the  yield  curve „ 


